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A generation of second harmonic of shear wave in elasto-plastic media
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Elasto-plastic media, whose behavior is described by cross dependencies between first invariants of stress and strain tensors
and second invariants of stress and strain deviators, is considered. The dependency has quadratic behavior in terms of
shear strains. The goal of this article is to determine the possibility of generation of second harmonic of shear wave, whose
appearance is not predicted by classical theory of elasticity, and the character of the process of energy transfer from first
harmonic to second. In case of prevailing shear strains with only shear wave existing, the search of solutions of nonlinear
equation, determining the dynamic behavior of the media, in form of travelling quasiharmonic waves with slowly changing
amplitudes is performed. During the examination of the system of shortened equations for complex amplitudes, depending
on time and travel distance, the unsymmetric character of harmonic interaction process is shown. It is determined that in
stationary state even the presence of small plastic strains leads to appearance of doubled frequency (second harmonic) in the
spectrum of shear wave, propagating in the material, at that second harmonic affects first only if there is a first harmonic’s
signal. The distance, at which the harmonic’s amplitudes become equal, is obtained. The qualitative character of process of
energy transfer is illustrated. The character of influence of media constants (density, shear modulus, limit intensity of shear
strains) and wave parameters (frequency, wave number, first harmonic’s initial amplitude) on a distance, corresponding to a
state of equality of amplitudes of harmonics, is established.
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TeHepanyia BTOpOIi rapMOHMKH CABUTOBOM BOTHBI
B YIIPYI'O-IUIACTUYECKOI cpene
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PaccmatpuBaerca ynpyro-mmacTudeckas cpefia, IoBefjeHre KOTOPOJi OIMChIBAeTCA ePeKPECTHBIMY 3aBUCUMOCTSAMI MEX/TY
MepBbIMM HBAPMAHTAMY TEH30POB ¥ BTOPBIMU MHBapMaHTAMM JIeBMATOPOB HANIPSDKEHUI 11 lepopMalinit, Ipy 9TOM 3aBU-
CHMOCTB OT CABMTOBBIX fehopmaruii uMeeT KBafgpaTn4Hbiil Xapakrep. Llenb paboThl — ompefeneHe BO3MOXXHOCTY TeHe-
pauuy BTOpOJ FApMOHMKM CABUTOBOV BOJIHBI, ITOSIB/IEHME KOTOPOJ HE ONMCHIBAETCSA K/IACCUYECKON T€OPUEN YIIPYTrOCTH, I
XapakTepa Ipoliecca epeKadykyl S9Hepruy U3 IepBOJi TapMOHMKI BO BTOPYI0. [/ ciry4as rmpeo6ajaHus CABUTOBBIX fieop-
MaLui B IIPEAIIONIOKEHNM, YTO B CpeJie CYLIECTBYET TONIbKO CABUIOBAS BOIHA, IPOBOJUTCS ITOUCK PELIEHNA HEMHETHOTO
ypaBHEHIS, OIIpefie/IA0Iero JUHAMIYeCKoe IIOBefieHMe Cpefbl, B BMJe OeTyIX KBa3sUrapMOHNYECKMX BOJIH C MEICHHO
MEHAOIIMMUCA aMIUTUTYZiaMu. B Xofie paccMOTpeHus CUCTEMbI YKOPOYEHHBIX YpPaBHEHUI 711 KOMITTIEKCHBIX aMIUIUTYT, 3a-
BUCAIIVX OT BPEMEHU U NPOJMIEHHOTO PACCTOAHNSA, ONPENENIEHO, YTO B3aIMOMEVICTBIE TAPMOHVK HOCUT HECMMMETPUYHBIN
xapakrep. IIpy paccMOTpeHUM CTaIMOHAPHOTO CIyYas IIOKa3aHO, YTO Ha/M4ye fake MajblX IVTACTUYeCKMX AedopMaruii
IIpMBefeT K MOABICHMIO YBOECHHOJ YacTOTHI (BTOPOJ TapMOHMKM) B CIIEKTPe CABUTOBOII BOJIHBI, PacIpOCTpPaHAIOIIeCA
B Marepuase, IIp¥ 5TOM BTOpas rAapMOHMKA BO3JENICTBYET HA IEPBYIO JMIIb IIPY HA/MMYMM CUTHAJIA IIEPBO TapPMOHMKIU.
Omnpepeneno paccTosgHNe, HA KOTOPOM aMIUIUTY/bI IIEPBON ¥ BTOPOJ rapMOHMK NIPMHUMAIOT paBHbIe 3HaYeHMA. [Iponnro-
CTpPMPOBaH KaueCTBEHHbIN XapaKTep Mpoliecca IepeKadyKy SHEPIUM 13 IepBOJi TapMOHUKM BO BTOpYyI0. OnpefienieH XapaKTep
BJIVAHUA KOHCTAHT Cpefbl (IIOTHOCTD, MOIY/Ib C/IBUTA, IIpefie/bHast MHTEHCUBHOCTD CABUIOBBIX AedopMaiuii) 1 mapame-
TPOB BOJIHBI (YacTOTA, BOTHOBOE YMC/IO, Hada/JbHasA aMIUIMTY/A IIepPBOJl TAapMOHMKM) Ha PacCTOSHME, COOTBETCTBYIOIIee
PaBEHCTBY aMIUIUTY/, IIEPBOIL ¥ BTOPOJ TAPMOHMK.

KnroueBbie cmoBa: YHOpyro-1mjacTu4deckas cpefia, reHepaumAa BTOPOIZ TapMOHUKNU, HeJIMHeHbIe BOJTHBI, IIepeKavKa SHEPTUNL.
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1. BBegenne

B pamMKax HenMHENHON M30TPOIHON TEOPUM YIPYTOCTU
HEBO3MOXXHO OIIMCATh TE€HEPALMI0 BTOPOM TIapMOHUKU
IpM PacCIpOCTPAaHEHMM CABUTOBON BOJIHBI B MaTepuajie.
ITOT pe3ynbTaT (U3UYECKU JOBOJIBHO OYEBVJCH, TaK KaK
IIpM PACIPOCTPAHEHNM IIONIEPEYHBIX BOJIH HE M3MEHAETCA
IJIOTHOCTD CPEJbL, I B M3OTPOIIHOM TBEPJOM Tejle yIpyrue
HaIlpsDKEHVS IIPY CBUTOBBIX feopMalMAX He 3aBUCAT OT
3Haka fedopmanum. IlocienHee, B YaCTHOCTH, NPOABIIA-
€TCs B TOM, YTO /i IUVIOCKMX BOJIH BHYTPEHHASA SHEPIUS
ABJIACTCA YeTHOU (YHKI[MeNl CBUTOBBIX KOMIIOHEHT TEH-
3opa gedopmanmit. ORHAKO 9KCIIEPUMEHTAIbHO BTOpasd
COBUIOBasA TapMOHMKA, «3allpellleHHas» Teopueil yIpyro-
CTM, HaOMIofaIach Ipy VICHBITAHNAX 00pasoB pasINYHbIX
KOHCTPYKLIMOHHBIX MaTepuasnoB [1-3]. OpHu aBTOpHI CBA-
3BIBAIOT IIOABJIEHNE STOV FAPMOHMKY C HAIMYMEM OCTATOY-
HBIX BHYTPEHHUX HaIlpsDKeHMIt [4], ipyrue — ¢ BIMAHMEM
oucIoKanmii[5, 6].

IToxka>keM, 4TO BO3HMKHOBEHME BTOPOJ TapMOHMKU
CIBUTOBOJ BOJIHBI IOIIYCKAETCA B MOJE/I CPEJbl C MajIbIMU
YIPYro-IJIaCTUYeCKUMU e OopMaIVIAMI.

2. ITocTanoBKa 3agaun

YpaBHeHMsI, ONIpefesIIoNIe AMHAMIYECKOe IOBEeHNMe YII-
PYro-IUIaCTHYeCKOl Cpelbl, MOTy4eHbl B pabore [7]. Ina
IUIOCKVX  IIPOJO/IBHO-IIONEPEYHbIX BOMH CUCTEMA ITHX
ypaBHEHNI UMeeT BUJ;
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3mech u, v — IepeMeleHys 110 IIPOJOIbHOM U TOIepeyHOo
OCH COOTBETCTBEHHO, G, — Momynb czipura, K, — Momynb
obbeMHOro pacumpenus, I'; — mpezenbHas MHTEHCUBHOCTD
medopManyii caBuUra, I' — MHTEHCUBHOCTb CABUTOBBIX Jie-
bopmarmit, 0 < I'/T < 1, p — INOTHOCTD, t — BpeMs, X — KO-
oppuHata. B npegenbiom crmyvae (mpu I'g = oo) cmaraembre,
omnpepensAeMble ITACTUYECKMMIM CBOJMCTBAMM MaTepHasna,
UICYe3HYT, U cucteMa (1) 6ymeT cOOTBETCTBOBATH JIVHEITHO-
YIOPpYToit 3a7ave.

3. ITouck pemenmin

B cnyuae, korma mpeo6afaoT cABUroBble fedopMaIiui, T.e.
0v/9x >> du/ox:

T =J4(u / &x)* +3(0v / ox)* ~~/3(8v / ox).
Cucrema ypaBHeHuit (1) mpumer Bup
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Ecnmn mpepmonoxnthb, 4TO MMeETCSA JIMIIb CABUTOBAS
BomHa (1 = 0), To OCTaHeTCA TOMBKO BTOPOE ypaBHEHMe:

GV — ivxvn =pV, )
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Ecnu camurare cpeny c1ab0 HEIMHEIHOI, TO aAMIUIUTYSbI
BOJIH OyIyT M3MEHATbCA Ha Malylo BeINYUHY IIPU IPOXO-
JKIEHUY BOJIHOI PACCTOSIHUS HOPSIIKA JIMHBI BOJHBI, TO
eCTb aMIUIMTYABI BOMH OYNyT MEJICHHO MEHAIOUIVMUCA
(YHKIVAMM KOOPAVMHAT M BpeMeHN. B cooTBeTCTBMY € 9TUM
pelirenye ypaBHeHys (2) OymeM MICKaTb B BIJe KBa3UTapMo-
HUYeCKUX BOH [8]:

v=A(ex,et)e" "™ + 4, (ex,et)e™ ™ +
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3pmech A, A, — KOMIUIEKCHbIE aMIITUTY/bl, @ — YacTOTa,
k — BomHOBOE 4uCIO, ¢ — Mabli napamerp. Ilopcrasnas
BbIpaKeHUA (3) B ypaBHeHue (2), Ioy4aeM B IIepBOM IIPU-
O/IVDKEeHNN I10 € CTIeNYIONIYI0 CUCTeMY YKOPOYEHHBIX ypaBHe-
HUII 111 KOMIUIGKCHBIX aMIUIUTYJ, 3aBUCAIIVX OT BpeMeHU
U IIPOTIIEHHOTO PacCTOSHNA:
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3nec V, = w/k — dasoBast ckopocTb. VI3 cucteMpl BUHO,
YTO B3aMMOJEVCTBME IIEPBOM M BTOPON TAPMOHUK MMEET
HeCI/IMMeTpI/I‘-IHbII?I XapakTep: KBagpar AMIDUINTYIbI HepBOﬁI
TapMOHMKM BXOOUT B ypaBHeHI/Ie BTOpOIu/[ TapMOHMKI B BU-
e BbIHy)KIIaIOHleI;[ CI/Ibl, @ aMIUVINTYa BTOpOf;I TapMOHMKI
BXOJIUT B ypaBHEHMe I [IepBOIl llapaMeTpUIecKuM obpa-
3oM. CrrefoBaTe/IbHO, IepBasi FAPMOHMKA BCEI/ia TeHepUpyeT
BTOpyIO FapMOHI/IKy, BTOpas )Xe€ rapMOHNMKa BOSHeI/uICTByeT Ha
HepBon JIVIID TPV HAJIMYINY CUTHAJIa HepBOf/l TapMOHMKI.
B craumonapuoMm ciyuyae (9/0t = 0)

A4, —4MAA4, =0,
A, +MA’ =0,

G,k*
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B ypaBHeHm:x (4) mepeiifieM K 1e/iCTBUTEIbHBIM aMIUIU-
TynaM 1 dasaM. [ 9TOro MonmoKuM

A(x) =B (x)e™
A, (x) = B, (x)e™™

Cucrema (4) mpumer Buj,

dB, /dx —4MB B, cos A =0,
dB, /dx + MB? cos A =0, (5)
dAJdx+ M (8B, - B /B,)sinA =0,

(4)

rme
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rae A = 2S - S, . VI3 nepBbIX ABYX ypaBHEHMIT CUCTeMbI (5)
MO>XHO IIOJTY4UTb MHTErpaJl SHEPruu
B}(x)+4B3(x) = const.
[na nomydenys penreHys ynoOHO IIOICTaBUTD II€PBbIE
IBa ypaBHEHV CUCTEMBI B TpeThe:
dA d )
o tgA 0 (InB’B,). (6)
YpaBHeHue (6) 1eTKO MHTETPUPYETCs, YTO O3BOJLALT O~
JIyYUTD C/IefyIollee BbIpaKeHue:
sin AB’ B, =sin A(0) B’ (0)B,(0).
Ecmu monoxuts B,(0) = 0, T0 sin A = 0, A = 7k. [Ina pea-
JIM3aLUY CTy4as IepeKauyKy SHepTUY U3 IepBOI FApPMOHVIKY
BO BTOpYIO BbIOepeM A = 7. Torga

dB, [dx=-4MBB, ,
dB,/dx=MB} .
HpI/I Haanm4Imnm I/IHTCI‘pa}Ia SHepI‘I/II/I MOJ>XHO 3aIlMICaTb
dB, [dx =M (B}(0)-4B;).
OTcroma nmeeM
B,(x) = B,(0)ch ™ (2B,(0)Mx)

B,(x)="5 (0% th(2B,(0)Mx)
Pemenne (7) nmpencTaBieHo Ha puCyHKe 1.
Kak BUIHO, ¢ pOCTOM X IIPOUCXOANT IepeKadka SHePTUN
BO BTOPYIO FaPMOHVKY. AMIUIUTY/AbI [APMOHUK IIPYHUMAIOT
paBHble sHadenysA mpu 2B, (0)Mx =~ 1.44.
OmnpenenuM paccTosAHUE X, COOTBETCTBYIOLIEE paBeH-
CTBY aMIUIUTYJ, IIEPBOI X BTOPOJL FApMOHMK:

o 077 28800’
B(O)M  B(0)k'c?’

(7)

rme ¢, =4/G,/ p — CKOPOCTb CIBUTOBOJI YIIPYTOJi BOTTHBIL.

BupHo, 4TO faHHOE PAacCTOsAHME OOPATHO IPOIIOPIO-
Ha/IbHO COABUTOBOMY MOAYIIO YIIPYTOCTM M BE€INYNMHE Ha-
Ya/JIbHON AMIUINTYADBI, a TAaKXXE€ NPsAMO IPONOPUIVOHATIbHO
KBa/[paTy 4acTOTHI BOMHBHI (T.e., 3 607ee BHICOKOYACTOTHOI
BOJIHBI 9HEpIs IepeKauuBaeTCsa MeJICHHee).
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Puc. 1. ITpomecc mepexayky SHEPIUM BO BTOPYIO TApMOHUKY B
COOTBeTCTBMM C pemeHyeM (8) (HadanpHas aMIUINTYAA IEPBOIL
rapmonuku 0.0001 m).

Fig. 1. The process of energy transfer to second harmonic with
respect to solution (8) (initial amplitude of second harmonic equals
to 0.0001 m).
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