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Stretching 7-constant rhombohedral crystals is described in the theory of elasticity. Numerical analysis, based on the obtained
analytical expressions for Youngs modulus and Poissons ratio, is showed that three of the eight 7-constant rhombohedral crystals are
partial auxetics, i.e. they have a negative Poisson's ratio in some directions of stretching crystals. Minimum and maximum values of
Poisson's ratio and Young’s modulus, values of the average Poisson's ratio and the minimum and maximum values of Poisson’s ratio
for particular orientations were obtained. Auxetic surfaces corresponding to zero Poisson’s ratio were plotted. Solution of problems
of tension and torsion curvilinear anisotropic nano/microtubes from 7-constant rhombohedral crystals was considered under
Saint-Venant's approach. Analytical expressions of Young’s modulus and Poisson’s ratio for these nano/microtubes were obtained.
Numerical analysis allowed to find six of the eight auxetics among nano/microtubes. Values of Poisson’s ratio for thin-walled nano/
microtubes from 7-constant rhombohedral crystals, as well as critical values of thickness parameter at which the change in the sign of
Poisson’s ratio were obtained. It is shown that Young’s modulus slightly dependent on the thickness parameter of the tube. An analytical
expression for the torsional stiffness of nano/microtubes from 7-constant rhombohedral crystals were obtained. The numerical values
of the coefficient characterizing the torsional stiffness of nano/microtubes of 7-constant rhombohedral crystals were given. It is found
that the influence of the chirality angle on the mechanical characteristics of nano/microtubes from 7-constant rhombohedral crystals
in the case of the direct and inverse Poynting s effect unlike tubes from orthorhombic and tetragonal crystals are absent.
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MexaHnYecKne XapaKTepUCTUKM 7-MU KOHCTaHTHBIX
poMO03IpMYeCKIX KPUCTATUIOB ¥ HAHO/MUKPOTPYOOK M3 HIX
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B pamkax Teopuu ynpyrocty GaHO OIJMCAHVE PACTSDKEHUA 7-MU KOHCTaHTHBIX POMOOS/IPUYECKIIX KPUCTA/UIOB. UMCIeHHBII
aHaJIN3, OCHOBAHHBIIT Ha IIOJTyYeHHBIX aHA/IMTUYECKIX BhIpaKeHVAX 11 Monys FO0ura u koagp¢unuenta ITyaccoHa, nokasar,
YTO TP 13 BOCHMY 7-MU KOHCTAHTHBIX pPOMOOSPUYECKIX KPUCTAJIIOB AB/IAIOTCA YaCTIYHBIMI ayKCeTUKaMI, T.e. IMEIOT OT-
puLatenbHblil ko unuenT ITyaccoHa py HEKOTOPBIX HAIIPABJICHNAX PacTsHKeHNA KpUCTAUIOB. OIpefe/ieHbl MUHMMAIb-
Hble 11 MaKCHMajIbHble 3HaYeHy: koadduuyentos Ilyaccona u mopyneit IOnra, 3Havenns cpennero koadduumenra Ilyaccona,
a TaloKe MYHUMAaJ/IbHbIE M MaKCHMajIbHble 3HaYeHuA Koadduiyenra Ilyaccona npy yacTHbIX opyeHTanysax. Iloctpoensr mo-
BEPXHOCTM ayKCETHYHOCTY, COOTBETCTBYIOIe HyleBoMy koo ¢uunenTy Ilyaccona. PaccMoTpeHo pelieHne 3ajiad o pacTs-
JKEHMI VM KPy4eHIY KPYMBOJIMHENIHO-aHU30TPOIIHBIX HAHO/MUKPOTPYOOK U3 7-MM KOHCTaHTHBIX POMOO3IPIYECKIX KPUCTAI-
0B B paMKax nopxofia CeH-Benana. Ilomydens! aHamiTideckye BopakeHns Moxy/s IOura n koapduuuenta Ilyaccona s
TaKJMX HAHO/MUKPOTPYOOK. Uy C/IeHHBIIT aHA/IN3 II03BO/III OOHAPY>KUTD IIECTDb M3 BOCbMI ayKCETUKOB Cpefiyi HAaHO/MUKPOTPY-
60k. Onpenenensl 3HaueHNsA K03 duiyenToB I[IyaccoHa 1 TOHKOCTeHHBIX HAHO/MUKPOTPYOOK U3 7-MM KOHCTaHTHBIX POM-
609/IpMYeCKIX KPUCTA/UIOB, @ TAKXKe KPUTIIECKe 3HaYeHNA IlapaMeTpa TOMIIMHEL, I KOTOPOM IIPOMCXOIAMUT CMEHa 3HaKa
xoa¢unuenta ITyaccona. [Tokasano, yro Moxynb FOHra c1ab6o 3aBUCKT OT ITapaMeTpa TONIMHBI TPyOKu. [Tonydeno aHammTH-
YeCcKoe BBIpaXKeHNe I KPYTUIbHON KeCTKOCTI HaHO/MUKPOTPYOOK U3 7-MJ KOHCTAHTHBIX pOMOOSIPUYECKIX KPUCTAJUIOB.
ITpuBeneHb! YnC/IeHHbIe 3HaYeHNA K09 UIMEHTa, XapaKTepyU3YIOIero KPyTUIbHYIO0 )KeCTKOCTb HAHO/MUKPOTPYOOK U3 7-Mu
KOHCTaHTHBIX POMOO3IPIYECKIX KPUCTA/UIOB. YCTAaHOB/ICHO OTCYTCTBME BJIVIAHVIA YITIa XMPAJIbHOCTI Ha MeXaHU4YeCcKue Xa-
PaKTepUCTUKY HAHO/MUKPOTPYOOK 13 7-MU KOHCTAaHTHBIX POMOOSIPUYECKUX KPUCTA/UIOB U IPSAMOTo 1 0O6paTHOro addexra
[ToitHTMHTa B OT/IMYME OT TPYyOOK M3 OPTOPOMONYECKIX U TeTPArOHaIbHBIX KPUCTAJUIOB.

KnroueBbie cmoBa: pOM6OS}1pI/I‘{eCKI/I€ KpUCTaJIbI, HaHOpr6KI/I, MI/IKpOpr6KI/I, AyKCETUKU, paCTOKEHNE, KpydeHue.

93



Goldstein et al. / Letters on materials 6 (2), 2016 pp. 93-97

1. Introduction

The isotropic materials with a negative Poissons ratio
(auxetics) were first discovered by the examples of metal
and polymer foams [1, 2]. This occurs more often among
the anisotropic materials, for example, among the crystals
of all crystalline systems and, in particular, for cubic
crystals [3-15] and rhombohedral (trigonal) crystals and
their microtubes and nanotubes [9, 16-18]. Below, we
analyze the rectilinearly anisotropic elasticity for 7-constant
rhombohedral crystals and the curvilinearly anisotropic
elasticity for their nano/microtubes, using experimental data
on the elastic coeflicients from [19].

2. Auxetics among rectilinearly-
anisotropic rhombohedral crystals

Small deformations of rectilinearly-anisotropic elastic body
are described by means of Hooke’s law ¢, = s, 0, — linear
relationship between the stress tensor and the strain tensor
with the tensor compliance coefficients s, . Young’s modulus
and Poisson’s ratio in uniaxial tension of the crystal in the
direction of the unit vector n are determined by the following

expressions (see [20])

1 S MM .nn,
——=snnmn,  vnm)=——————,
Em)y "'/ S _nnnN
qrst”"q r st
Here, m, — the components of the unit vector m,

perpendicular to n.
The matrix of compliance coefficients for 7-constant
rhombohedral crystals looks according to [21] as follows

S S S Siq Sis 0
S S Siz TS TS8gs 0
S S5 Sy 0 0 0
Sl TS, 0 Sa4 0 —2S|5
Sis TS5 0 0 S 2514
0 0 0 _2515 2514 2(511_512) ’
and connections 511 = 51111’ 533 = 53333’ 544 = 452323’ 512 = 51122’

s, =2s,,,,,8,.=2s,, . take place between the matrix components
and the above tensor components. A parameterization of
stretching direction by Euler's angles ¢, 0, y, and this matrix
allows to write Young’s modulus and Poisson’s ratio in the
form of periodic functions of the Euler angles with periods
of T =2m,T,=mand T =2m,T,=2mT =, respectively.

Numerical analysis of these angular dependences with
using of experimental data on the matrix compliance
coeflicients, given in [19], reveals that three of eight 7-constant
rhombohedral crystals are partial auxetics, i.e. they have
negative Poissons ratio in some directions of stretching
crystals (Table 1). Extreme and average values of Poisson’s
ratio are presented in this table. In addition, the maximum
and minimum values for three particular orientations are
indicated. The numbers in case of coincidence of local
extrema (at particular orientations) and global extrema are
written in bold. The average values of Poisson’s ratio for all
crystals are positive and vary in the range of 0.10-0.32.

The surfaces of zero Poisson’s ratio (“the surfaces of
auxeticity”) v(¢,0,y) = 0 divide regions of the negative and
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positive coeflicients for partial auxetics. Such surfaces for two
auxetic crystals MgSiO,, CaMg(CO,), refer to “closed” type,
and for auxetic crystal Sbl, to the “open” type (Fig. 1) due to a
periodicity of the angular cells.

The calculated global extrema of Youngs modulus for
the rhombohedral crystals are shown in Table 2. Two crystal
Be SiO,, MgSiO, have the highest values of Youngs modulus
(E_,, > 220 GPa). We note that the data on the elastic constants
of the crystal Bil, are presented in [19] at low temperature (83K).

3. From rectilinearly-anisotropic crystals
to curvilinearly-anisotropic nano/
microtubes. Problems of tension and torsion
of rhombohedral nano/microtubes

Many nanomaterials are synthesized in the form of nanotubes
[22-23]. Successful technology for creating the nanotubes
and microtubes by rolling up thin plates must be marked
especially [24-26]. Preparation of nano/microtubule by such
a way is possible practically from all crystalline materials.
Rolling up a rectilinearly anisotropic plate creates
curvilinearly-anisotropic tube. We assume that prior to
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Fig. 1. The auxeticity surfaces v(¢,0,y) = 0 for crystals Sbl, (a),
CaMg(CO,), (b) u MgSiO, (c).
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Table 1. Extreme and average values of Poisson’s ratio.

atn =1 atn, =1
Crystals v v <> atn, =1
e e Vmin vmax vmin vmax ’
Sbl, -0.60 0.71 0.10 -0.44 0.62 -0.46 0.62 0.40
Be SiO, 0.22 0.37 0.28 0.23 0.34 0.22 0.35 0.28
Bil, (83K) 0.01 0.47 0.23 0.01 0.40 0.10 0.31 0.27
Ce,Mg,(NO,),,-24H,0 0.17 0.54 0.32 0.21 0.42 0.20 0.43 0.38
CaMg(CO,), -0.07 0.73 0.30 0.01 0.66 0.10 0.57 0.21
Pb, Ba GeO, 0.15 0.34 0.25 0.15 0.34 0.15 0.34 0.21
Pb.Ge,O,, 0.13 0.34 0.25 0.13 0.34 0.13 0.34 0.20
] 0.12 0.37 0.25 0.12 0.36 0.12 0.37 0.19
Pb.Ge,O,, s*
0.12 0.37 0.25 0.12 0.36 0.12 0.37 0.19
MgSiO, -0.02 0.51 0.25 0.03 0.63 0.04 0.45 0.11
Table 2. Extreme values of Young’s modulus.
Crystals - - on the lateral surfaces of the inner and outer radii r, and
GPa GPa R =pr,
SbI 6.10 152 PS=[c.dS, M_=[o,rdS=0,
3
i =0, =0,
Be,SiO, 236 316 Tl =R
Bil. (83K) 16.8 271 so axially symmetric non-uniform radial stress distribution
3 i . has properties aw(r) = 0, g (r) = 0. Simplified relations
Ce,Mg,(NO,) ,-24H,0 14.6 25.5 of Hooke’s law and the equation of equilibrium lead to
unambiguous displacements and, ultimately, to the normal
CaMg(CO
aMg(CO,), 70.2 192 stress g (1)
Pb, Ba ,Ge O, 54.8 80.0 o,.(r) =— 2513 _flz e+eY Ar™,
Pb,Ge,0O 54.9 87.0 SuFS T TSy
5 3711 : :
525 877 /L_r = _1 ik’ k E\/(SIISB _s123) / (S121 _slzz)
Pb,Ge,0,, s 518 36.2 and to other normal stresses similarly. The shear stress
i : aw(r) = 1r/(2s,, - 2s,,) in the absence of torque disappears
MgSiO, 226 434 together with torsion angle. Hence, extension nano/

rolling a rhombohedral crystal rotates around the main axis
(3) at an angle y. This leads to a change in the two matrix
compliance coeflicients

5'14 = 51461()() S5 b(X)’ 5'15 =555 a(X) Sy b(X)’

a(y) = 4cos’y - 3cosy, b(y) = 4sin’y — 3siny.

The tube of cylindrically-anisotropic elasticity will

correspond to the rotated plate, and Hooke’s law has the
form, respectively

U, =s,0,+ 5120¢¢ +550,~ Sl4Ur¢ 5,50,
uw =S5,0,,+t SHO'(MJ +s5,0, + 51401'4) =50,
urr = 513 (Uzz + U¢¢) + 5330rr’
2u_=s. (0 - O’W) +5,,0,, - 2514%2,
_Zur(a = 514 (Uzz - azp(p) - $440np + ZS;SO-goz’

-2u,, = 25;5% +2s,0_ - Se0pe-
If we consider the problem of a longitudinal tension
of the hollow circular tube under the influence of specific

momentless force applied to the ends, in the absence of stress
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microtubes from rhombohedral crystals is not accompanied
by twisting. Direct Poynting’s effect is absent. The absence of
normal stress 0, (r) on the sides of the tube provides for A ,A_

s
S13 =Sy
2

[V

A=

=1

Young’s modulus is determined by the normal stress o_(r)
I_A_Zzslzikslz pr -1

[ TA+2 T pi-l j

Poisson’s ratio defined by the ratio of transverse strain to
the longitudinal one
,
J)

P
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They are dependent on the compliance coefficients
(excepts,, s, ), the dimensionless radial coordinate /r, and
the relationship of external and internal radii p.

The linear radial dependence of the shear stress leads to a
simple result for the torsional rigidity in the case of a torsion
problem for nano/microtubes

MZ

C= =ljcrw(r)rdS =ar(p*-1), «a
T T

_ T
4(s,—51,)

The results of numerical estimates of Poisson’s ratio for
the nano/microtubes with experimental data on compliance
coeflicient for rhombohedral crystals from [19] are presented
in Table 3. This table includes results for the thin-walled tubes
((p - 1) << 1) and critical thickness parameter p_ at which
Poisson’s ratio is zero. It can be seen that the six tubes are
auxetics. Figure 2 illustrates the variation of Poisson’s ratios
with changes in the thickness parameter.

The numerical values of Youngs modulus (in GPa) for
thin-walled tubes with the (p - 1) << 1 and for thick-walled
tubes with thickness parameter p = 10 shown in Table 4.
Influence of thickness parameter on Youngs modulus of
nano/microtubes is insignificant. The highest Young’s moduli
have nano/microtubes from crystals Be SiO, and MgSiO,
(E_, > 250 GPa).

The numerical values of coefficient « which characterizes
the torsional rigidity of nano/microtubes of rhombohedral
crystals are shown in Table 5. It is clear from this table that we
have the highest torsional stiffness among nano/microtubes
from crystals Be SiO, and MgSiO..

4. Conclusion

The analysis showed that among the eight rectilinearly-
anisotropic 7-constant rhombohedral crystals are three
auxetics SbI,, CaMg(CO,),, MgSiO, , and the number
of auxetics among nano/microtubes from such crystals
are increased to six. Variability of Poisson’s ratios and
Young’s modulus of 7-constant rhombohedral crystals and

Table 3. Poisson’s ratio for the nano/microtubes.
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Fig. 2. Dependence of Poisson’s ratios on thickness parameter on the
surface of the nano/microtubes from the crystal SbI, .

nano/microtubes are analyzed. The dependence of these
coeflicients and torsional rigidity on the thickness parameter
for the nano/microtubes is evaluated.

An important feature of the analysis is that the four
basic mechanical characteristics of nano/microtubes from
7-constant rhombohedral crystals (Young’s modulus, two
Poisson’s ratios and torsional rigidity) do not depend on the
compliance coefficients s, , s\, which are changed with the
chiral angle. Such nano/microtubes do not exhibit Poynting’s
effect. Nano/microtubes from rhombohedral crystals are
substantially different by this from nano/microtubes of many
other crystals, for example, orthorhombic [27] and tetragonal
[28] systems.
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v v p_forv p_forv
rz (%4 cr rz cr (%4
Tubes p-1«1 p-1«1
r=r, r=R, r=r, r=R,
Sbl, 0.62 - 0.44 - - - 5.44
Be SiO, 0.23 0.34 - - - -
Bil, (83K) 0.31 0.10 - - 2.08 -
Ce,Mg,(NO,) -24H,0 0.27 0.37 . . - -
CaMg(CO,), 0.33 0.34 - - - -
Pb, Ba, Ge,O,, 0.15 0.34 33.1 - - -
Pb.Ge,0,, 0.13 0.34 24.0 - - -
0.12 0.36 16.5 - - -
Pb,Ge,O, , s
0.12 0.36 16.4 - - -
MgSiO, 0.12 0.37 24.9 - - -
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Table 4. Young’s modulus of the nano/microtubes.

10.

11.

12.

13.

14.

15.

E, GPa
Tubes
p-1«1 p=10

Sbl, 9.45 11.7
Be SiO, 260 261
BiI3 (83K) 25.1 25.3
Ce,Mg,(NO,) ,-24H,0 15.9 15.9
CaMg(CO,), 142 142
Pb, Ba,,Ge,O, 56.8 57.3
Pb.Ge,O,, 57.1 57.7
, 56.5 57.3

Pb,Ge,O, , s*
55.7 56.5
MgSiO3 385 390
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