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In this Letter we describe analytically and simulate numerically the softening of flexural surface acoustic waves, localized in 
the plane of few-layer graphene embedded in soft matrix of low-density polyethylene. The softening of surface acoustic wave 
is triggered by the compressive strain in the matrix, which results in compressive surface stress in the few-layer graphene. 
Softening of the flexural surface acoustic wave leads to spatially periodic static bending deformation (modulation) of the 
embedded nanolayer with the definite wave number. Few-layer graphene with different numbers of graphene monolayers is 
considered. We describe the different models of interlayer bonding of graphene monolayers in a few-layer graphene, which 
correspond to the weak and strong interlayer bonding. The considered models give substantially different scaling of the wave 
number of periodic bending deformation and of the threshold compressive strain in the matrix as functions of the number 
of graphene monolayers in the few-layer graphene. Both the wave number of periodic bending deformation and the values 
of the threshold compressive surface stress in the few-layer graphene and of the compressive strain in the matrix are very 
well confirmed by the numerical simulations. Bending instability of few-layer graphene can be used for the study of bending 
stiffness and two-dimensional Young modulus of the graphene nanolayers, embedded in a soft matrix.
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Изгибная неустойчивость многослойного графена 
в матрице из деформированного полимера
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Дано аналитическое описание и проведено численное моделирование смягчения изгибных поверхностных акусти-
ческих волн, локализованных на плоскости многослойного графена, встроенного в мягкую матрицу из полиэтилена 
низкой плотности. Показано, что смягчение поверхностной акустической волны вызвано деформацией сжатия в ма-
трице, которая приводит к компрессионному поверхностному напряжению в многослойном графене. Смягчение из-
гибной поверхностной акустической волны приводит к пространственно-периодической деформации статического 
изгиба (модуляции) встроенного нанослоя с определенным волновым числом. В работе рассмотрен многослойный 
графен с разным числом слоев. Описаны различные модели межслоевого взаимодействия графеновых монослоев 
в многослойном графене, которые соответствуют слабым и сильным межслоевым взаимодействиям. Рассмотренные 
модели дают существенно различные зависимости волнового числа периодической изгибной деформации и порого-
вой деформации сжатия в матрице от числа слоев в многослойном графене. Численное моделирование очень хорошо 
подтверждает как волновое число периодической деформации изгиба, так и пороговое компрессионное поверхност-
ноe напряжениe в многослойном графене и пороговую деформацию сжатия в матрице. Изгибная неустойчивость 
многослойного графена может быть использована для  изучения изгибной жесткости и  двумерного модуля Юнга 
графеновых нанослоев, встроенных в мягкую матрицу.
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1. Introduction

Outstanding mechanical properties of graphene have 
made it very attractive for the construction of nano- and 
electro-mechanical devices and in composite materials [1]. 
Elastic properties of graphene have been measured using 
nanoindentation [2] and pressurization [3] techniques, 
and the Young modulus Es of two-dimensional (2D) elastic 
layer was found to be extremely high, Es = ρsvl

2 ~ 22 eV / Å2, 
where vl = 21.6 km / s is longitudinal sound velocity and 
ρs = 7.6 × 10−7 kg / m2 is mass density per unit surface area [4]. 
Nevertheless, the mechanical interplay between mono- and 
few-layer graphene and other materials is not well studied, 
although it is crucial for the use of graphene in composite 
[1], flexible, and strain-engineered [5] materials. Low value 
of graphene bending stiffness allows for easy formation of 
secondary structures including wrinkles, scrolls and folds 
[6 – 10].

In Ref. [11] it was predicted the softening of the flexural 
surface acoustic wave, localized at the graphene monolayer, 
caused by negative (compressive) surface stress gxx and 
finite bending stiffness Ds of the 2D elastic layer. Softening 
of the flexural surface acoustic wave results in periodic 
static bending deformation (modulation) of the interface 
layer with the definite wave number kx0 of the monolayer, 
embedded in a strained matrix. This effect can be triggered, 
e.g., by the compression of the solid along the x axis, which 
results in the compressive strain and negative surface stress 
gxx in the embedded graphene monolayer. The softening of 
the flexural surface acoustic wave in a sandwich-like elastic 
structure presents a dynamical counterpart of purely static 
phenomenon of the buckling of the plate sandwiched in 
the compressively strained matrix (see, e.g., Ref. [12]). The 
possibility of the softening of surface acoustic Rayleigh and 
interface waves, triggered by negative surface stress, was 
noted in [13,14,15].

In this Letter we describe the bending instability of the 
few-layer graphene (FLG) embedded in a strained polymer 
matrix. The threshold matrix strain and bending modulation 
wavelength are determined by the bending stiffness and 
Young modulus of the 2D elastic layer, and by the shear 
modulus and ratio between transverse and longitudinal 
bulk velocities in the matrix [11]. The main difference from 
the monolayer graphene is the dependence of the bending 
stiffness and Young modulus of the 2D elastic layer on the 
number of carbon layers in or on effective thickness of the 
few-layer graphene. In the case of continuous macroscopic 
layer, the bending stiffness grows with the layer thickness h as 
Ds ~ h3 [16,17], while Es ~ h, which corresponds to the strong 
interlayer bonding in the layer. Another model of FLG is based 
on the fact that the bonding between the carbon monolayers 
is provided by relatively weak van der Waals interaction while 
the bending stiffness and 2D Young modulus of the elastic 
nanolayer are determined by more strong covalent bonding 
and three-body Keating-type potentials [18,19,20]. In this 
model of weak interlayer bonding in FLG, both the bending 
stiffness and 2D Young modulus of the elastic nanolayer 
are considered to be given by the number of graphene 
monolayers n, Ds

(n) = nDs , Es
(n) = nEs , see, e.g., [21].

2. Model

To describe the softening of the flexural surface acoustic 
wave in the plane of FLG, triggered by negative (compressive) 
surface stress, we start with the dispersion equation for the 
surface wave with the quasi-transverse polarization, normal 
to the nanolayer plane, see [11]:
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In the assumption of isotropy of the elastic matrix, the 
required parameters are determined from Eqs. (1) and (2) 
and are given by the bulk modulus μ, bending stiffness Ds of 
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where σ is Poisson’s ratio in the polymer matrix.
Since gxx = Es εxx , where εxx is the in-plane strain of the 

matrix, from Eq. (4) we get:
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For the monolayer graphene, we take bending stiffness 
Ds = 1.1 eV [4]. For the low-density polyethylene, we take 
μ = 0.2 GPa, vt = 0.466 km / s, vl = 2.400 km / s, and Vrel = 5.15 
[22]. We find from Eqs. (3) and (5) that the monolayer of 
graphene embedded in the matrix of low-density polyethylene 
undergoes periodic static bending deformation (modulation) 
with the wavelength λ0 = 2π / kx0 ≈ 48.4 Å, triggered by the 
compressive strain in the matrix as small as εxx = −2.5 × 10−3. 
The bending modulation wavelength λ0 is about 34 times 
larger than the carbon-carbon bond length a* = 1.42  Å, 
that justifies the above description in the long-wavelength 
approximation.

3. Results and discussion

In Fig. 1 we present the change of the dispersion of surface 
acoustic waves, propagating along the x axis in the FLG 
embedded in soft matrix of low-density polyethylene, 
triggered by the compressive strain in the matrix along the 
x  axis. Frequency is measured in units of vt  / a, the wave 
vector kx is measured in units of 1 / a, where vt = 0.466 km / s, 
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a = ρs  / ρ = 8.26 Å for the polyethylene with density 
ρ = 920 kg / m3 [22]. In these simulations, we have assumed 
that Ds

(n) = nDs , Es
(n) = nEs , and gxx

(n) = ngxx , with n = 1, 2, 3. 
Both the wave numbers of periodic bending deformation, 
kx0

(1) = 1.07 / a, kx0
(2) = 0.849 / a, kx0

(3) = 0.742 / a, and the value 
of the threshold negative surface stresses gxx , given by 
Eqs.  (3) and (4), are very well confirmed by the numerical 
simulations. In this model of weak interlayer bonding in 
FLG, the wave number of periodic bending deformation and 
the threshold compressive strain in the matrix decrease with 
the number of graphene layers in FLG as kx0

(n) = 1.07 / (an1 / 3) 
and εxx

(n) = −2.5 × 10−3 / n2 / 3, respectively, see Eqs. (3) and (5).
On the other hand, in the case of strong interlayer 

bonding in FLG the bending stiffness, effective 2D Young 
modulus and surface mass density of the layer of hexagonal 
crystal with thickness h with free surfaces in xy plane will be 
the following, see Refs. [23,24]:
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As follows from Eqs. (3), (5) – (7), in this case the 
threshold compressive strain in the matrix does not depend 
on h,
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while the wavenumber at which the softening occurs decays 
with h as kx0 ∝ 1 / h:
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In the considered case of the layer of graphite embedded 
in a matrix of polyethylene, which corresponds to the case of 
the layer of stiff hexagonal crystal embedded in a compliant 
soft matrix, the condition kx0h << 1, which is assumed in 
the model of layer bending instability, is satisfied due to 
the conditions μ << C11 and C13

2 << C11C33, see Eq. (10). Such 
substantial difference between the scaling of the control 
parameters kx0

(n) and εxx
(n) of the bending instability of FLG as 

functions of n, given by Eqs. (3) – (5) in the different models 
of interlayer bonding in FLG, can be used for the study of 
bending stiffness and 2D Young modulus of the embedded 
graphene nanolayers.

In conclusion, we have analyzed and numerically simulated 
the softening of flexural surface acoustic waves, localized in 
the plane of few-layer graphene embedded in soft matrix 
of low-density polyethylene, triggered by the compressive 
strain in the matrix. Softening of the flexural surface acoustic 
wave results in spatially periodic static bending deformation 
(modulation) of the embedded nanolayer with the definite 
wave number kx0. We have considered FLG consisting of one, 
two, and three monolayers of graphene, and have described 
the different models of interlayer bonding of graphene 
monolayers in a few-layer graphene, which correspond to the 
weak and strong interlayer bonding. Both the wave number 
of periodic bending deformation kx0 and the value of the 
threshold negative surface stress gxx , given by Eqs. (3) and (4), 
are very well confirmed by the numerical simulations. The 
bending instability of FLG can be used for the study of 
bending stiffness and 2D Young modulus of the graphene 
nanolayers, embedded in a strained compliant matrix.
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