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Being very strong and of limited ductility, Ti alloys require special techniques to manufacture the parts with complex shapes. 
Many of these technologies are based on superplastic and near-to-superplastic deforming. In these processes the transformation 
of the microstructure of the material can be very significant and can lead to changes in the mechanical properties of the material 
during deformation. Because of this an appropriate description of the correlation between mechanical loading, changes in 
microstructure and mechanical behavior of material is required. A phenomenological scalar model with an internal variable 
based on a statistical description of microstructure is proposed and used for simulation of the high temperature deformation 
of Ti-6Al-4V alloy. The problems of obtaining the parameters of the model and sensitivity of the model to the accuracy of this 
process are discussed.
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1. Introduction

It is established [1,2] that almost all polycrystalline materials 
and even ceramics are capable of showing under certain 
conditions a special kind of mechanical behavior called 
«superplasticity» (SP). Thus even materials that are of 
limited ductility in normal conditions can be deformed to 
hundreds and sometimes a few thousand percent frequently 
without occurrence of a localization of deformation which 
accelerates the process of failure. The conditions required 
for such behavior of materials, are usually determined 
experimentally and thus by nature empirical. For example, 
for the majority of alloys, for the maintenance of the 
superplastic condition it is necessary that the temperature 
(T) is in the order 0.4Tm or greater (where Tm- melting 
temperature on absolute scale), and the strain-rate lies in 
the range of 10–5 s-1 to 10–1 s-1 and the microstructure of the 
material is fine-grained (the average size of grains ≤ 10μm) 
and equi-axed. However, due to the approximate nature of 
these constraints, it is practically impossible to say exactly 
when the deformation of the material becomes superplastic, 
and at what point during the deformation it ceases to be so. 
For this reason, the design of technological processes using 
the phenomenon of superplasticity is generally done in 
such a way that the entire process of deformation is carried 
out in the «optimal superplasticity» regime. This regime is 
experimentally the set of conditions, in which parameter of 
strain-rate sensitivity [3–5] reaches the maximum.
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Here σ and ε  are the dimensionless stress and strain rate 
respectively (hence it only refers to uniaxial loading). There 
is even an approach of interactive change of loading condi-
tions to maintain the maximum rate sensitivity during the 

deformation process [6]. During optimum superplasticity, 
the material behaves like a viscous liquid and the flow stress 
can be considered to be a function of strain rate, temperature 
and initial grain size:
	 σ ε= f T d( , , ) 0 . (2)

The change in microstructure of the material in this 
case is not significant, and its transformation to a first 
approximation can be neglected, taking into account only 
the state of the material before deformation (e.g. its initial 
average grain size).

In practice, maintaining the optimal conditions of 
superplastic deformation (SPD) in industrial processes is 
sometimes difficult or even impossible and, moreover, it is 
economically inefficient. Indeed, it is quite difficult and costly 
to implement the process of isothermal deformation for a long 
time, especially for large dimensions of the workpiece and to 
prepare the required original fine-grained microstructure. 
Low strain-rates typical for SPD make the forming process 
time consuming and inefficient. Due to these reasons the 
cases of terminating the optimal regime are coming to the 
stage more and more frequently. Going beyond the limits 
of the optimum SP happens occasionally, but currently it is 
often being done deliberately e.g. with increasing strain rate 
to speed up the process at some stage (the so-called «high 
strain-rate SPD»), with lowering the temperature to reduce 
power consumption («low-temperature SP»), or refining 
of an unprepared microstructure during manufacturing of 
the product. Such processes, where optimum superplastic 
conditions are violated, but the material deforms almost 
homogeneously without visible flow localizations or fractures 
till relatively high strains (compared to a conventional 
high- temperature deformation), are classified as «near-to-
superplastic deformation».

The main difference between these processes from the 
optimal SP is an active transformation of microstructure 
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occurring during deformation. It means that mechanical 
properties of material will significantly depend on the history 
of deformation (e.g. see Fig. 1). From the mathematical point 
of view it leads to a functional nature of constitutive models 
describing these processes. This fact was proved by many 
experiments showing the dependence of mechanical behavior 
of the material on the history of deformation [2, 4, 9, 10]. 
For the ability of numerical simulation (especially FEM) of 
such deformation processes a special model is proposed. The 
purpose of this model is to consider the active transformation 
of the microstructure during deformation and its effect on 
the mechanical properties of the material. This model might 
approximately describe the behavior of other Titanium 
alloys, but the mechanisms behind most Titanium alloys are 
too different to be predicted by it.

2. Constitutive modelling

Description of the model

The proposed model, unlike a number of physical models 
[2], has a phenomenological character and will remain 
within continuum mechanics. To take into account active 
transformation of a microstructure during deformation, 
an additional characteristic variable will be assigned to a 
representative volume. This variable (η) is used to represent 

the current state of the microstructure. The choice of this 
parameter is difficult, as microstructure transformation 
happens at different scale levels and mapping this is not 
trivial [11]. So to begin with, we use the most obvious and 
easily experimentally measurable parameter — the average 
grain size. If we are going to involve in our consideration 
not only a uniform fine-grained equiaxial microstructure, 
but also non-perfect ones like bimodal, lamellar or 
Widmanstätten, the direct kinetic equation for the average 
grain size will have only an indirect physical sense. If the 
microstructure simultaneously contains a mixture of grain 
sizes possibly with different morphology, then the micro-
level mechanisms of deformation working in these grains 
may be also different. For each grade of grains a specific 
micro-model should be used. This approach will provide for 
the change of the average grain size some functional nature. 
The instantaneous change of this parameter will depend not 
only on current strain rate, stress, strain and temperature, 
but also on the current state of the microstructure.

Mathematically the approach described above will be 
represented using statistical methods by introducing the 
function of the distribution of the grain sizes. It is assumed 
that the representative volume contains grains of various 
sizes; each grain is identified only by one size — the 
characteristic size d. The distribution function p(d), specifies 
the relative volume (Vi) occupied by the grains which belong 
to a size range di ( d d di i− ≤ < +∆ ∆

2 2 ). Here all param-
eters of the model are dimensionless.

The parameter characterising a microstructure, has the 
physical sense of the average grain size and is defined as a 
probabilistic mean of distribution:

	 η = ⋅∑ p d di i
i

( ) .	 (3)

As it was mentioned above it is possible that within the 
volume element several mechanisms of deformation may 
be operating simultaneously this being dependent upon 
the grain size distribution within the material. Using the 
distribution function provides us the ability to take all of 
them into account. Here each physical law is applied only 
to the grain size for which it is relevant [1]. For example, 
if grains are small and globular, the basic mechanism of 
their growth will be slow diffusion growth (governed by 
temperature). For medium size grains deformation growth 
will be a dominating mechanism (depending on the stress and 
individual size of grain). When the accumulated energy of 
deformation increases, the grains which are bigger than some 
critical value (depending on the value of the strain energy) 
start to refine (by dislocation creep and recrystallization). 
This scheme is shown in the fig.2. To take this into account 
in the model, the modification of the size of the grains of 
each type is calculated with a different mathematical law. 
The slow temperature-dependent growth of small grains is 
described by the equation:
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where t is the time. The limitation si Dd ≤  selects fine grains 
smaller than parameter Ds; a dimensionless combination 

Fig. 1. The SEM snaps of Ti-6Al-4V alloy with initial Widmanstätten 
microstructure after deformation of ε=0.5, 4 110 s− −ε =  T=850°C 
illustrating main mechanisms of microstructure transformations.

 

 
Fig. 1. The SEM snaps of Ti-6Al-4V alloy with initial Widmanstätten 
microstructure after deformation of =0.5, T=850C, 1410  s , illustrating 
main mechanisms of microstructure transformations. 
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As it was mentioned above in the same point of material 
few physical mechanisms can operate simultaneously applied to 
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where t=time. The limitation si Dd   selects fine grains 
smaller than parameter Ds; a dimensionless combination 
 RTQ  involves temperature Т (absolute scale), universal 

Fig. 2. The scheme of microstructure transformation used in the model. 

Fig. 2. The scheme of microstructure transformation used in the 
model.
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Q RT( ) involves temperature Т (absolute scale), universal 
gas constant R, energy of activation Q, and material constant k.

Mechanism of deformation growth dominating for 
the medium size grains (D d Ds i cr< < ) was studied by 
researchers and a number of models are proposed. Here the 
model of Perevesentsev is used [12], for which:
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where δ is dimensionless stress; C1, C2, C3 — parameters, 
which in initial model [12] represent combinations of 
physical constants of a material, but can be also considered as 
phenomenological and found from experiments.

As soon as the increments of the grain sizes are calculated, 
distribution function is modified accordingly:
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Grains grow only until they reach some critical size Dcr, 
as soon they exceed it a refining process will commence. 
However, experimental results show, that even long lamellar 
grains remain unrefined if the deformation is small (e.g. in 
the centre of the specimen under torsion), and relatively 
small grains can get recrystallized at large deformations. It 
was also observed that at high stresses refinement is more 
active than at low ones. That means that the critical size 
Dcr is not a constant value. Here it is assumed to depend on 
accumulated strain energy:

The flow chat of the algorithm used for simulation of 
microstructure transformation.

	 * exp(  )crD D q d = − ⋅ σ ε ∫ 	 (7)

where D* and q> 0 — constants.
Refinement of large grains can happen due to two basic 

physical mechanisms: rearrangement of dislocations into dis-rearrangement of dislocations into dis-
location walls and recrystallization. In the first case, some-
times referred to as ‘strain assisted continuous recrystalliza-
tion’ dislocations initially form low angle boundaries, which 
gradually convert to high angle boundaries probably facili-
tated by grain boundary sliding / rotation. In the second case 
a nucleus of a new, undeformed, grain arises in some part of 
the border of a larger grain, then it grows and divides the pre-
existing grain into several parts. The elementary mathemati-
cal model of refinement used here is based on the assumption 
that all grains that exceed a critical size are refined into small 
and medium grains in proportion to χ / (1‑χ).
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where Vref is the total relative volume of «large» grains with 
the sizes greater than Dcr. Parameters D0 and Dm are mean 
sizes of small and medium grains produced by refinement 
correspondingly. D0 is a fixed size for new recrystallized 
grains; it is assumed to be almost always the same. The size 
of the medium grains changes in the process of deformation 
because Dcr decreases and the original sizes of the grains 
which undergo refinement also become smaller. So Dm can be 
assumed to be equal to either the total average grain size from 
the previous time step, or as some value depending on Dcr.

To complete the phenomenological model the relation 
between macroscopic parameters of loading such as stress 
and strain rate are required. It can be taken in the form of 
two serial basic elements: viscoelastic and «superplastic». 
As a viscoelastic element the generalized body proposed 
by Maxwell [2] modified for the temperature can be taken, 
whereas the superplastic element can be taken in standard 
form, but involving the internal parameter η:
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where Е, λ, A, m and k are the constants of model.

Simulation

Numerical simulation of the uniaxial (tensile) loading with 
constant strain rate and under constant temperature was 
done in MATLAB. The flow chart of the algorithm used is 
shown in the fig.3 and the results of simulation in the fig.4.
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where  is dimensionless stress; C1, C2, C3 – parameters, which 
in initial model [12] represent combinations of physical 
constants of a material, but can be also considered as 
phenomenological and found from experiments.  

As soon as the increments of the grain sizes are calculated, 
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enough lamellar grains remain unbroken if deformation is small 
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refinement is more active than at low ones. That means that 
critical size Dcr is not a constant value. Here it is assumed to 
depend on accumulated strain energy:  
Fig. 3. The flow chat of the algorithm used for simulation of microstructure 
transformation. 
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Fig. 3. The flow chat of the algorithm used for simulation of 
microstructure transformation. 
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It can be seen from the results of simulation that the 
stress-strain curve obtained has hardening in the first part 
followed by softening with a gradually decreasing slope. Such 
mechanical behavior is typical for Ti alloys deformed in near-
to-superplastic regimes [15]. However for practical use of 
this model in real technological simulations the question of 
experimentally obtaining the parameters of the model must 
be solved.

It can be seen from the results of simulation that obtained 
stress-strain curve has hardening in the first part and 
softening with gradually decreased slope at the second one. 
Such mechanical behavior is typical for Ti alloys deformed 
in near-to-superplastic regimes. However for practical use 
of this model in real technological simulations the question 
of experimental obtaining parameters of the model must be 
solved.

3. Finding the parameters of the model

Two parameters of the model: m — strain rate sensitivity 
and Q — activation energy, are the most important for the 
accuracy of calculations because the results of simulation 
are very sensitive to them. There are two main problems 
with obtaining these parameters from experimental data. It 
is assumed that they are constants for a given material, but 
in reality both of them strongly depend on the strain rate 
and temperature. The second problem is related with the 

need to extrapolate experimental data from several different 
experiments.
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If experimental data is taken from different tests, and in 
our case several experiments with different strain rates and 
several experiments with different temperatures are required, 
the amount of data is very limited and contains certain 
inaccuracies.

To illustrate the problem of finding m and Q and the 
robustness of this process, the experimental data published 
in [16] were used. These experiments were conducted for 
the Ti alloy Ti6Al4V with a fine globular microstructure for 
7 constant strain rates (0.0003, 0.001, 0.1, 1, 10 and 100s-1) 
and 8 temperatures (750, 800, 850, 900, 950, 1000, 1050 and 
1100°C. This range of conditions covers both superplastic as 
well as neighboring hot visco-plastic regimes of deforming.

To find required parameters, the approximation of 
available experimental data with polynomial splines of 
different order was made. The example of it is shown in the 
fig. 5. The values of strain rate sensitivity m, obtained with 
interpolation of different orders are given in the tab.1. It can 
be seen that from 4th order the values do not change much, 

Fig. 4. The example of the results of simulation.     

gas constant R, energy of activation Q, and material constant k. 

Mechanism of deformation growth dominating for the 
medium size grains ( cris DdD  ) was studied by researchers 
and a number of models are proposed. Here the model of 
Perevesentsev is used [12], for which: 


cris

i

i DdD
RT
Q

dC
CC

t
d
























      ,exp
1 4

3

5
2

4
1


  

where  is dimensionless stress; C1, C2, C3 – parameters, which 
in initial model [12] represent combinations of physical 
constants of a material, but can be also considered as 
phenomenological and found from experiments.  

As soon as the increments of the grain sizes are calculated, 
distribution function is modified accordingly:  
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where  is dimensionless stress; C1, C2, C3 – parameters, which 
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Fig. 5. Approximation of the experimental data with splines of 
different orders for differentiation required for obtaining strain rate 
sensitivity.

Fig. 6. Contour plot for the strain rate sensitivity m (3rd order). Fig. 7. Contour plot for the parameter Q, kJ mol-1 (4th order).
Fig. 6 Contour plot for the strain rate sensitivity m (3rd order) 

TABLE II.  VALUES OF STRAIN RATE SENSITIVITY M (3RD ORDER) 

 /T 0.000
3 

0.001 0.01 0.1 1 10 100 

750 0.34 0.27 0.18 0.10 0.06 0.03 0.04 
800 0.38 0.32 0.23 0.15 0.09 0.05 0.03 
850 0.40 0.35 0.25 0.17 0.11 0.06 0.04 
900 0.48 0.41 0.31 0.21 0.14 0.08 0.03 
950 0.31 0.30 0.26 0.23 0.18 0.12 0.06 
1000 0.37 0.32 0.24 0.19 0.16 0.16 0.19 
1050 0.20 0.24 0.28 0.27 0.22 0.12 0.02 
1100 0.20 0.23 0.27 0.27 0.22 0.14 0.01 

 
This clearly shows that both parameters significantly 

depend on temperature and strain rate. In FEM simulation of 
real technological processes temperature and strain rate can 
vary from one point of a workpiece to another. For equation (8) 
and the total model to give correct results, the parameters m 
and Q must be continuously verified and adjusted according to 
local conditions. This can be done with the help of the fields 
shown in Figures 6 and 7. 

TABLE III.  VALUES OF ACTIVATION ENERGY Q(IN KJ MOL-1) (3RD 
ORDER) 

 /T 0.0003 0.001 0.01 0.1 1 10 

750 190 225 240 300 786 950 
800 275 320 350 370 520 780 
850 310 360 490 620 920 1300 
900 265 320 455 610 910 1400 
950 375 435 520 585 710 900 

1000 260 365 510 625 670 560 
1050 320 400 340 335 360 505 
1100 160 300 210 200 165 150 

 
Other parameters of the model are also important but less 

critical because the model is much less sensitive to them than 
to the above described ones. Nevertheless, the analysis of the 
appropriate choice of physical models and the possibilities of 
obtaining the parameters describing micro-mechanisms has to 
be investigated systematically. In this paper due to limited 
space these questions are not discussed.  

IV. CONCLUSION 
The importance of the consideration of microstructure in 
simulation of processes of hot forming including ones utilizing 
superplasticity was analyzed and a constitutive model able to 
take into account active transformation of microstructure was 
proposed.  
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B
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Fig. 6 Contour plot for the strain rate sensitivity m (3rd order) 
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which may imply that highest-possible order (6th) would lead 
to the most accurate results. But higher order polynomial 
approximations are more sensitive to the inaccuracy of input 
data and results of calculations are thus less robust.

To check this, randomized error of 10 % was introduced to 
initial experimental data (to the value of stress), this depicts 
the actual accuracy limit of majority of high temperature 
mechanical tests. Obtained results and their deviation from 
the original ones are also listed in tab.1. These results show 
that increasing the order of polynomial order from 4 to 6 
increases the sensitivity to inaccuracies almost twice. So for 
all further calculations 4th order polynomial approximations 
were used.

Using these experimental data [16] and approximations 
which were found to be optimal, the values of strain rate sen-
sitivity m and activation energy Q were calculated for differ-
ent temperatures and strain rates. Obtained results are given 
in the tabs. 2 and 3, and the fields of these values are show in 
the fig.6.

This clearly shows that both parameters significantly 
depend on temperature and strain rate. In FEM simulation of 
real technological processes temperature and strain rate can 
vary from one point of a workpiece to another. For equation 
(8) and the total model to give correct results, the parameters 
m and Q must be continuously verified and adjusted 
according to local conditions. This can be done with the help 
of the fields shown in figs.6 and 7.

Other parameters of the model are also important but less 
critical because the model is much less sensitive to them than 
to the above described ones. Nevertheless, the analysis of the 
appropriate choice of physical models and the possibilities of 
obtaining the parameters describing micro-mechanisms has 
to be investigated systematically. In this paper due to limited 
space these questions are not discussed.

Degree of Interpolation Original Value 
(v1)

Value with 
random-
error in 

log(sigma) (v2)

v1-v2 
(Sensitivity)

Value with 
random error 
in log(sigma) 

(v3)

v1-v3
(Sensitivity)

Quadratic 0.25 0.26 0.01 0.211 0.039
Cubic 0.30 0.29 0.01 0.273 0.027
4th Degree 0.35 0.28 0.07 0.385 0.035
5th Degree 0.36 0.16 0.2 0.410 0.050
6th Degree 0.35 0.18 0.17 0.415 0.065

Table 1
The dependance of strain rate sensitivity parameter to the order of polynomial interpolation and accuracy of input data

ε /T 0.0003 0.001 0.01 0.1 1 10 100

750 0.34 0.27 0.18 0.10 0.06 0.03 0.04
800 0.38 0.32 0.23 0.15 0.09 0.05 0.03
850 0.40 0.35 0.25 0.17 0.11 0.06 0.04
900 0.48 0.41 0.31 0.21 0.14 0.08 0.03
950 0.31 0.30 0.26 0.23 0.18 0.12 0.06
1000 0.37 0.32 0.24 0.19 0.16 0.16 0.19
1050 0.20 0.24 0.28 0.27 0.22 0.12 0.02
1100 0.20 0.23 0.27 0.27 0.22 0.14 0.01

Table 2
Values of strain rate sensitivity m (3rd order)

ε /T 0.0003 0.001 0.01 0.1 1 10

750 190 225 240 300 786 950
800 275 320 350 370 520 780
850 310 360 490 620 920 1300
900 265 320 455 610 910 1400
950 375 435 520 585 710 900
1000 260 365 510 625 670 560
1050 320 400 340 335 360 505
1100 160 300 210 200 165 150

Table 3
Values of effective activation energy Q (in KJ mol-1) (3rd order)
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4. Conclusion
The importance of the consideration of microstructure 
in simulation of processes of hot forming including ones 
utilizing superplasticity was analyzed and a constitutive 
model able to take into account active transformation of 
microstructure was proposed.

Being based on a statistical approach this model can deal 
with several micro-mechanisms at a time. This feature is very 
important for two-phase alloys, especially for titanium alloys, 
which can have variable morphologies of microstructure.

Proposed model involves grain growth as well as 
refinement of the microstructure that gives the ability to 
describe both hardening and softening of the material. 
The transformation of the microstructure at every step of 
the simulation gives the ability to trace functional (history 
dependent) character of the process as well as the effect of 
initial microstructure on material properties.

Proposed model can be suitable for the family of α+β 
Ti alloys with similar type of microstructure and similar 
mechanisms of its transformation. However for other 
titanium alloys, e.g. the intermetallic titanium aluminides, 
having a fundamentally different microstructure, the choice 
of the microstructure parameters as well as kinetic models of 
their behavior must be different.

The procedure of obtaining parameters of the model from 
experimental data and robustness of results is discussed and 
an optimal method suggested.

The values of strain rate sensitivity and activation energy 
were calculated for different temperatures and strain rates. 
It was shown that these parameters significantly depend 
on these conditions and this must be taken into account in 
simulation.

The reason for higher inaccuracies pertaining to 
polynomials of greater degree is purely mathematical. 
The higher the degree of a function, the greater number of 
stationary points it will contain.

Simulation with the model using calculated parameters 
approximately matched the experimental results.
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