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Abstract: The paper presents a method for determining the elastic moduli and Poisson’s ratios of a material under compression 
and tension. The method is based on the results of strain measurements by fiber-optic sensors in a rectangular beam subjected 
to four-point bending. The relationships for determining the elastic moduli follow from an analytical solution for bending 
a rectangular beam made of a material with different moduli in compression and tension, assuming the Euler−Bernoulli 
hypothesis is satisfied. The relationships for determining Poisson’s ratios follow from the assumption of a uniaxial stress state in 
the strain measurement zone. An algorithm is presented for estimating the errors in determining the elastic constants, which 
are due to deviations from the conditions of the Euler−Bernoulli hypothesis and a uniaxial stress state for the corresponding 
beam dimensions. Relations are presented for estimating the maximum errors in determining the elastic constants, based on 
the obtained relationships for their determination, associated with the error in measuring strains by the fiber-optic sensors 
used. Options for attaching the fiber-optic sensors to the surface of the specimens are considered. For a set of rock salt 
samples, the results of determining the elastic moduli and Poisson’s ratios are presented, along with estimates of the errors in 
their determination, due to strain measurement errors and sample dimensions. The qualitative results obtained for the elastic 
constants in compression and tension, taking into account their errors, allow to conclude that rock salt is not a bi-modulus 
material.
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1. Introduction

The mechanical characteristics of rocks, including rock salt, 
are essential for understanding their deformation behavior 
in various engineering applications. Rock salt has unique 
physical and mechanical properties, including plasticity, creep, 
low porosity and permeability, and the ability to undergo 
significant deformations without failure [1– 3]. Despite the 
complex nature of its mechanical behavior, elastic constants are 
among the main characteristics that determine the deformation 
behavior of rock salt. For example, in [4] it is noted that the 
elastic modulus and Poisson’s ratio are the most important 
parameters for describing the elastic behavior of rock salt. 
In [5] it is noted that these parameters provide important 
information about the properties of the formation, as they are 
related to strain characteristics. Most studies on measuring the 
strength and mechanical characteristics of salt rocks are based 
on static tests under uniaxial compression [6, 7]. The history of 
work in this area includes early measurements of stress-strain 
relationships using rigid testing machines and the subsequent 
use of servo-controlled testing machines, which record the 
stress-strain relationship with higher accuracy [8].

In laboratory compression tests on salt rocks, it is 
important to account for the influence of friction between 

the specimen and the surfaces of the testing machine on 
the measured strength and elastic modulus. Studies [9,10] 
have shown that reducing friction through lubrication or 
by selecting an optimal specimen height-to-diameter ratio 
decreases the measured parameters.

Since natural materials may exhibit different mechanical 
characteristics under compression and tension [11,12], a 
reliable assessment of the elastic behavior of salt rocks requires 
information on the tensile modulus of elasticity. However, 
testing rock salt specimens under uniaxial tension is highly 
labor-intensive, as it requires rigid fixation of the specimen 
ends in steel grips [13]. This has led to the development of 
several indirect methods, such as the Brazilian disk splitting 
method or splitting a disk with wedges [14]. In [14], a 
comparison of the results of the direct method (specimen 
rupture) and the indirect method (splitting the disk with 
coaxial wedges) for salt rocks is presented, demonstrating that 
the difference in the results obtained by different methods 
is by no more than a few percent. Thus, indirect methods 
are more commonly used to estimate the tensile modulus 
of elasticity, while Poisson’s ratio under tension is usually 
assumed to be equal to that under compression.

To determine the mechanical properties of rocks, 
three- and four-point bending methods are also used, with 
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specimens in the form of beams of rectangular or circular 
cross-section [15,16]. However, these studies are generally 
limited to assessing only the ultimate strength and strain 
characteristics of rocks [15,17].

Dynamic methods propose to determine elastic 
properties based on acoustic wave velocity. These methods 
provide continuous profiles of elastic parameters and allow 
for determining mechanical properties in formations where 
core samples may be unavailable [18,19].

In addition to direct experiments, numerical methods for 
assessing the mechanical characteristics of salt formations 
are used, which are associated with solving inverse problems, 
namely, determining the parameters of the material’s 
mechanical behavior model that ensure the experimentally 
measured strains are obtained when calculating the stress-
strain state of the selected object.

An analysis of the methods for determining the elastic 
constants of rocks, including rock salt, shows that each has its 
advantages and limitations. In this work, a four-point bending 
scheme is considered for determining Young’s moduli and 
Poisson’s ratios of rock salt in compression and tension, 
which complements the capabilities of existing methods for 
determining elastic constants.

2. Determination of elastic constants in four-
point bending tests of rectangular specimens

In four-point bending tests, it is possible to simultaneously 
obtain tensile and compressive strains on a single specimen 
under the same physical environmental parameters. In the 
classic variants of four-point bending of rectangular beams 
with constant cross-section, the deflection and bending 
moment are measured. Then, based on these values, the 
elastic modulus and ultimate strengths are obtained for 
materials with identical behavior in compression and 
tension.

In the considered variant of four-point bending of 
rectangular beams (Fig.  1), for a given bending moment 
M = PL / 4, the longitudinal εx and transverse εy strains are 
measured at the center of the top and bottom surfaces of the 
specimen, which correspond to compression and tension 
zones, respectively. Strains can be measured using single-point 
fiber-optic sensors based on Bragg gratings or distributed 
fiber-optic sensors based on Rayleigh scattering [20].

Measuring the two components of the strain tensor in 
the compression and tension zones opens the possibility to 
determine the material’s elastic moduli and Poisson’s ratios in 
compression and tension, respectively.

Analytical relations for calculating elastic constants based 
on experimental strain data of a beam under four-point 
bending, when beam material has linear-elastic behavior 
under tension and compression, can be obtained if two 
conditions are met. The distribution of longitudinal strains 
through the specimen thickness in the measurement zone 
must be linear, which corresponds to the Bernoulli−Euler 
hypothesis, and the stress−strain state must correspond 
to a uniaxial stress state. The first condition is the main 
requirement for obtaining an analytical solution for the 
bending of a beam. In [21] an analytical solution for the 
bending of a bi-modulus material beam with a linear  
stress−strain dependence in the compression and tension 
zones is provided, from which relations follow for calculating 
elastic moduli in tension and compression.
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Satisfaction of the second condition makes it possible to 
calculate Poisson’s ratios in tension ν+ and compression ν−.
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− are the measured strains on the specimen 
surfaces in the tension (+) and compression (−) zones, 
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3. Estimation of errors in determining 
elastic constants in compression and 

tension based on four-point bending test

The error in determining elastic constants in four-point 
bending test is governed by two main factors. The first is 
associated with the error in strain measurement by fiber-
optic sensors. From relations (1) and (2), the following 
expressions can be obtained for the maximum possible 
error in determining Poisson’s ratios in the tension αν

+ and 
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and the maximum error in determining elastic moduli
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where δ is the strain measurement error of the fiber-optic 
sensors, � � �� � �� �max ,x x .

Eqs. (3) and (4) are equivalent to the following quantities
   
� � � �� � �� � �* %,100
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where ν, E are obtained by Eqs. (1) and (2) by utilizing the 
strain values εx

+, εy
+, εx

−, εy
− without error δ; ν*, E* are obtained 

by utilizing the strain values εx
+, εy

+, εx
−, εy

− with error δ, which 
gives the largest difference from ν, E.Fig.  1.  The scheme of four-point bending test.
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The second error factor is related to the dimensions of 
the specimen, which determine the deviations in the strain 
measurement zone from the conditions of a uniaxial stress 
state and the conditions corresponding to the Bernoulli−
Euler hypothesis.

Errors in determining Young’s modulus and Poisson’s 
ratio for non-bimodular materials, associated with specimen 
dimensions, are proposed to be evaluated using the following 
relations:

� � � �� � �� � �0 0 100%,  �E E E E� �� � �0 0 100%,  	 (5)

where ν0, E0 are the values of elastic constants used for 
numerical simulation of the four-point bending of the 
specimen within the framework of the three-dimensional 
theory of elasticity; ν, E are the values of the Poisson’s ratio 
and the modulus of elasticity found from the relations  (1) 
and  (2) by utilizing the strain values obtained by solving 
a three-dimensional problem of the theory of elasticity 
at ν0, E0.

4. Results of determining the 
elastic constants of rock salt

Based on the results of numerical experiments for specimens 
with a length of 400 mm, the following dimensions 
were chosen: b = 60  nm, h = 40  mm (L = 300  mm). When 
implementing the four-point bending scheme l = L / 2. With 

these dimensions, the errors determining the fulfillment of 
the uniaxial stress state conditions, and the Bernoulli−Euler 
hypotheses, for Poisson’s ratio values of ν = 0.05 ÷ 0.45 will 
vary in the following ranges: βν = 0.3 ± 0.1%, βÅ = 0.02 ÷ 0.1%. 
Considering the smallness of these values, the errors βν, βE 
can be neglected when evaluating the obtained values of the 
elastic modulus and Poisson’s ratio.

In the experiment, 10 specimens of rock salt made of 
a single plate mined at the Verkhnekamskoye potassium-
magnesium salt deposit (Berezniki) were tested. Figure  2 
shows the scheme of the four-point bending experiment, a 
specimen with fiber-optic sensors based on Bragg gratings, 
which are 5  mm long, glued along and across the length. 
During calibration tests using a high-precision linear 
positioner, the sensors demonstrated an error within 1– 2 %.

For Bragg grating sensors, the following relations 
satisfy [22]
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where ε3 is the strain along the optical fiber (measured strain), 
ε1, ε2 are the principal strains in the plane perpendicular 
to the optical fiber, p11, p12 are the Pockels coefficients, 
Δλ1= λ1− λ*, Δλ2 = λ2 − λ* are the resonant wavelengths shifts 
of the reflected spectrum between the deformed λ1, λ2 and 
non-deformed λ* states (values measured by the sensor).

Fig.  2.  (Color online) Universal four-point bending testing facility, fiber-optic sensors fixed on the sample surface, rock salt samples.
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Under uniaxial stress state of the optical fiber ε1= ε2 = −νε3, 
where ν — Poisson’s ratio. In this case Δλ1= Δλ2 = Δλ and
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12 11 12 3n p p p 	
(7)

or
		       � � �3 1� �k � * . 		  (8)

An adhesive bond is used to fix the fiber-optic sensors, for 
which two options are possible. In the first option, the adhesive 
bond in the measurement zone is applied on the entire fiber, 
including the Bragg grating. In this case, a complex stress 
state with strain tensor components ε1, ε2, ε3 exists in the 
sensor zone, and Eq. (8) is used to calculate the strains based 
on the assumption of a uniaxial stress-strain state in the 
Bragg grating. In the second variant of fixing the optical fiber 
with the Bragg grating on the specimen surface, the adhesive 
bond is absent in the Bragg grating zone, which allows for 
the justified use of Eq. (8). However, in this case, to measure 
negative strains, it is necessary to provide an initial strain ε0 in 
the Bragg grating, which determines the maximum value of 
the measured negative strains. Experimental results with two 
options for fixing the fiber-optic sensors showed a difference 
in strain measurement results that almost coincides with the 
measurement error of the sensors used. In this regard, the 
second option was adopted for mass experiments.

Experimental results were obtained at different values 
of P (Fig. 1) with strain recorded both under applied load and 
after load removal. The strain measurement results for one 
specimen are presented in Table 1.

The presented results allow the conclusion that 
the material exhibits nearly elastic behavior within the 
implemented strain range.

To estimate the maximum error in determining the 
elastic modulus and Poisson’s ratio, the results of strain 

measurements at loads P = 300  N were used. For this load, 
the values of the measured strains for different specimens are 
given in Table 2.

Based on the average strain values, for a strain 
measurement error of δ =10−6, the maximum errors for the 
elastic modulus and Poisson’s ratio were obtained: αE =10%, 
αν = 23%.

Table  3 presents the statistical analysis results of the 
determined values of Young’s moduli and Poisson’s ratios for 
the studied type of rock salt.

5. Conclusions

A method for determining the elastic moduli and Poisson’s 
ratios in compression and tension is presented, based on a 
variant of the four-point bending method for a beam with a 
rectangular cross-section.

Relations are provided for calculating the elastic moduli 
and Poisson’s ratios in tension and compression for a 
bi-modulus material based on strain measurement results. 
Additionally, relationships for estimating the errors of the 
obtained elastic constants are presented, related to both the 
choice of specimen dimensions for four-point bending test 
and the inaccuracy of sensors when measuring of strains.

A strain measurement approach using fiber-optic Bragg 
grating sensors is described, with analysis of different options 
of sensor fixation on the specimen surface.

Results for determining elastic moduli and Poisson’s ratios 
in tension and compression for rock salt, with analysis of 
error estimates based on the provided relations are presented. 
The obtained results provide a complete characterization of 
the quantitative values of the elastic constants and lead to the 
qualitative conclusion that, within measurement error, rock 
salt cannot be classified as a bi-modulus material.

P, N
100 0 150 0 200 0 250 0 300 0

εx
+∙106 7.68 −0.04 11.36 0.02 15.01 0.07 18.51 0.05 22.39 −0.08

εx
−∙106 −7.26 −0.01 −10.82 −0.08 −14.41 −0.19 −17.96 −0.41 −21.59 −0.67

Specimen number (i)
i =1 i = 2 i = 3 i = 4 i = 5 i = 6 i = 7 i = 8 i = 9 i =10

εx
+∙106 23.73 24.80 20.11 24.14 20.88 22.20 21.33 18.76 18.48 20.25

εy
+∙106 −6.11 −7.92 −5.08 −7.00 −5.32 −5.51 −5.75 −4.16 −4.57 −5.77

εx
−∙106 −22.50 −25.42 −19.43 −23.66 −20.04 −21.84 −22.43 −18.64 −17.86 −20.46

εy
−∙106 5.98 5.35 5.12 6.49 4.39 5.55 4.89 4.32 4.33 4.50

Average value
Confidence interval

Minimum Maximum Standard deviation
from to

E+, MPa 34180 32650 35710 31204 37068 2139
E−, MPa 35297 33264 37330 29937 39209 2842

ν+ 0.263 0.248 0.278 0.225 0.297 0.022
ν− 0.242 0.223 0.260 0.210 0.277 0.025

Table  3.  Results of statistical analysis.

Table  2.  Results of strain measurements under load P equals to 300 N.

Table  1.  Results of strain measurements at different loads.
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