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Abstract: Elasticity of pentagonal wires is analyzed in the framework of distributed disclination model. According to this
model, the elastic field induced by five-fold cyclic twinning in pentagonal wires is treated as generated by a distributed
disclination with uniform angular eigenstrain. Originally, the concept of distributed disclination was introduced by Howie
and Marks to describe the stress-strain state of icosahedral particles in terms of the so-called Marks-Yoffe stereo-disclination.
Differences between the proposed distributed disclination model and standard single disclination model are examined by
an analytical technique and the finite element method. In doing so, the distribution of displacement vector and stress tensor
components in pentagonal wires, as well as the dependencies of strain energy on the Poisson’s ratio of pentagonal wires, are
analyzed. Analytical investigation demonstrates that both models prescribe the same expressions for mechanical stresses
and strain energy, while the expressions for displacement components differ because of the plastic rotation inherent to
wedge disclinations. Parametric finite element simulations are employed to estimate the accuracy of circular cross-section
approximation used in both the single disclination and distributed disclination analytical models. It is demonstrated that
the discrepancy between analytical results for cylindrical wires and results of finite element computations for faceted wires
is =5%. Besides, the finite element modeling of distributed disclination allows one to obtain the desired solution with less

computational resources.
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1. Introduction

Unique functional properties of multiply twinned particles
of fcc metals determine their applicability in various fields
of modern nanotechnologies, e.g., related to catalysis and
plasmonics [1-4]. The main attributes of the intrinsic
structure of these particles are predominantly external
faceting by {111}-type planes and internal cyclic twinning,
which enhance their performance in comparison to single-
and polycrystalline counterparts [5 - 8]. The cyclic twinning
is also responsible for inhomogeneous mechanical stress
inside the particles, provoking the storage of a significant
amount of strain energy [9,10]. This energy has a tendency
to relieve through different mechanisms of structural
degradation such as dislocation formation [11-14], pore
nucleation [15-18], etc. A control of structural defects
to maintain the stability of multiply twinned particles can
be achieved with the help of a thorough analysis of their
inhomogeneous stresses.

The stress-strain state in multiply twinned particles has
been long studied experimentally [19-21] and theoretically
[22 -24]. The experimental research of the intrinsic structure
of these particles, provided by high-resolution transmission

electron microscopy and geometric phase analysis, clearly
indicates a crystal lattice distortion inherent to disclination
defects [21]. Theoretical models of disclination defects
in multiply twinned particles can be categorized with
respect to the way a defect is introduced viz. single [22]
and distributed [23] disclination models. The first group of
models employs the presence of a positive wedge disclination
(WD) to describe the inhomogeneous stress of pentagonal
wires (PWs) and decahedral particles, whereas the second
one stems from a so-called Marks-Yoffe stereo-disclination
(SD) homogeneously distributed over the volume of a
particle and is usually applied to icosahedral particles. Such
conventional categorization is addressed to the fact that
PWs and decahedral particles contain a single WD piercing
through their poles while the icosahedral particles contain a
configuration of six positive WDs passing through opposite
vertices of the icosahedron. This fact makes it difficult to
apply the discrete approach to icosahedral particles mainly
because of the absence of a proper theoretical mean such as an
interaction energy of the WDs in an elastic finite body [25].
Recently, the energy of pair interaction of intersecting
WDs in an elastic spherical body has been theoretically
obtained by Kolesnikova et al. [26]. The found solution
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allows elucidating the discrepancy between the single and
distributed disclination models of icosahedral particles.
It was demonstrated that the difference between strain
energies of the configuration of six WDs and the Marks-
Yoffe disclination strongly depends on Poisson’s ratio v of the
particle material. For example, if the material of icosahedral
particles is insensitive to Poisson effect (v=0), the strain
energy of Marks-Yoffe disclination is =2.5 times less than the
one corresponding to six WDs. In the case of incompressible
material (v=0.5), the ratio of these strain energies is estimated
as =1.4. Similar calculations have not been extended to PWs
and decahedral particles yet. Therefore, the comparative
analysis of single and distributed disclination models of these
pentagonal particles is considered a significant issue in the
disclination concept to investigate.

Another challenging issue of the disclination concept
is the necessity to incorporate the external faceting of
multiply twinned particles in theoretical modelling. The
aforementioned analytical models treat these particles either
as cylindrical [11,17] or spherical [12,16] bodies, so they are
unable to consider the impact of the polyhedral shape on
stress concentration effect in spite of the well-known fact
that this effect is responsible for dislocation formation in the
vicinity of polyhedral edges of core-shell nanoparticles with
multiply twinned structures [27-29]. This limitation can be
surmounted in the frame of numerical techniques viz. finite
element method and molecular dynamic simulation.

The finite element (FE) method, as one of the effective
tools, is applicable for the description of stress-strain state
in objects with complex geometry such as multiply twinned
particles, in particular. Patala et al. [30, 31] calculate the strain
energy of elastically anisotropic decahedral and icosahedral
particles within finite element simulations to investigate the
morphological relaxation due to the formation of re-entrant
external faceting. As for molecular dynamic studies, the
simulations concern various structural aspects of disclination
defects located in a circular plate [32], nanowires [33,34], and
icosahedral particles [35,36], polycrystalline bulk materials
[37,38], and two-dimensional materials such as graphene,
pseudo-graphenes [39], and phosphorene [40].

Encouraged by the recently revealed difference in
strain energies determined within single and distributed
disclination models of icosahedral particles [26], the present

b

work aims to provide a comprehensive analysis of the single
and distributed disclination models of PWs. In doing so,
a new distributed disclination model of PWs is derived
analytically and then simulated by FE methods, taking into
account the actual PW shape. The FE outputs are verified by
the obtained analytical solution. The discrepancy between
elastic fields and strain energy prescribed by single and
distributed disclination models of the PWs is discussed in
detail.

2. Theoretical models

Consider a cross-section of the PW with a fcc crystal
structure composed of five triangle prisms with lateral faces
of {100}-type crystallographic planes as it is illustrated in
Fig. 1a. These prisms assemble about the common edge
with <110>-type crystallographic direction forming twin
boundaries between adjoining faces. The complete space-
filling of such twinned structure can be accomplished by
suggesting the occurrence of an internal elastic distortion.

This internal distortion in PWs can be understood within
the disclination concept. According to this concept, the
PW is treated as an elastic cylinder containing an positive
WD of strength w=0.128 [22]. Figure 1b demonstrates the
Volterra procedure for an elastic cylinder with a missing
sector w with the verges loaded by internal forces to provide
its continuity. The obtained jump of tangential displacement
at the cut [u ] =wr is responsible for the elastic disturbance
in the cylinder. The well-known elastic fields of the WD in
an infinite elastically isotropic cylinder are given in [22]. The
non-zero displacement components are described by the
equations:

or(1-2v, r
u =— In—-11|, (1)
4n\ 1-v R,
re
U =—, 2
0= o (2)

and the non-zero stress tensor components are found in the
form:

Go

c,=——— (3)
21(1—v)

lnL,
R,

C

Fig. 1. (Color online) The cross-section of the actual PW (a); the elastic cylinder with a missing sector w ~0.128 related to the positive WD as
a single disclination model of PW (b); SD with eigenstrain 81‘0 =w/[2] in the elastic cylinder as a distributed disclination model of PW (c).
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where (7, @, z) is the cylindrical coordinate system associated
with the cylinder axis, R is this cylinder radius, G is the
shear modulus of the material and v is the Poisson’s ratio.
The strain energy stored in the disclinated elastic cylinder

is [22]

__Go'R, ©)
* o 16n(l-v)
The elastic field induced by the WD in the PW hereinafter is
referred as related to a single disclination model of the PW.

As it was mentioned in the introduction section, the
alternative approach to define the elastic distortion of the
multiplied twinned particles was suggested by Howie and
Marks for the case of icosahedral particles [23]. According
to this approach, the elastic field in the particle is caused
by the distributed disclination or the so-called Marks-Yofte
SD with tangential eigenstrain spread uniformly over the
particle volume s;q)zsge:&o/ [41] =0.061 (here O and ¢ are
the polar and azimuthal angles of the associated spherical
coordinate system, respectively). This eigenstrain state arises
from the particle volume change =12% attributed to the
missing volume between 20 tetrahedral domains with faces of
{111}-type put together to form a solid icosahedron.

As for PWs, the similar SD exerting the tangential
eigenstrain s;q)zw/ [2n] =0.02 over the elastic cylinder
produces the angular deficiency corresponding to the internal
distortion of the cycling twinning (see Fig. 1¢). Alternatively,
one can treat this SD as a superposition of WDs with
infinitesimally small strength dw uniformly distributed over
the cylinder. Hereinafter, the introduced internal distortion
in PW is addressed as a distributed disclination model of
the PW.

The elastic fields in a PW within the distributed disclination
model can be determined by integration of the equations of
equilibrium for the cylinder with the prescribed eigenstrain.
Taking into consideration the cylindrical symmetry, one
can assume that the radial displacement u_only depends
on the polar radius r. For the tangential displacement of the
axisymmetrically loaded body, it is valid that u_=0. Hence,
the radial and tangential strains can be cast as follows

du

:_r, 7
g, o (7)
g = (8)

As for axial strain, the generalized plane strain condition
with e_=const is presumed.

The Hooke’s law accounting for the tangential eigenstrain
s;q) =w/[27] can be written

c,=2G|g, + —
1-2v 1-2v2n

VoY 0)} )
v

S 2}, (10)
1-2v 1-2v2m

S —2G|:8w +

v vV o
6222G|:822+1—2V 1—2\/E} (1)
where A=¢ +e +¢_isthe dilatation.

Substituting Eqgs. (7)-(11) in the only non-zero
equilibrium equation:
dr ro (12)
finally, one can obtain the following differential equation for
radial displacement:

d’u, 1-2v o

- LLdu, —u—z’+ =0. (13)
dr* rdr r° 1-v2mr
The solution of Eq. (13) can be presented as
u, =Ar+Bl+1_2Vﬂ(1—21nr), (14)
r 1l-v 8=

where A and B are the constants of integration determined
by the boundary conditions. Since the displacement should
take the finite values u (r— 0) = const, the constant B vanishes
(B=0) in Eq. (14). The surface of the cylindrical body is
presumed to be traction-free, so the condition o _(r=R))=0
gives the expression for constant A:

A=ve_+ B+(1—2v)lnR0}.

1
“ 8n(l-v) (15)

The unknown parameter &_ in Eq. (15) can be defined in
terms of equilibrium of the cylindrical body. The condition
of vanishing total resultant axial force Io o, rdr=0 finally
gives:

g, sz InR,. (16)
1-v

Taking into account Eqgs. (14)-(16) the same expressions
for radial displacement (Eq. (1)) and stress tensor components
(Egs. (3) =(5)) can be obtained. As for tangential displacement,
it is presumed to take zero values due to the axial symmetry
of the SD problem, in contrast to the classical problem of
the WD with tangential displacement given by Eq. (2). Thus,
the internal distortions of WD and SD produce different
displacements despite the fact that the stresses are identical.

As for the specific strain energy stored by SD in the
cylinder, it can be found as the work done during the SD
formation in its own stress field o in the following form:

E, = IIS* G5,
N

__E 90 00

(17)

where S is the area of PW cross section. Considering Eq. (10)
and dS=rdrde, s:xp =w/[27n], one can derive the final
expression from Eq. (17) for the strain energy of SD identical
to the strain energy of WD (see Eq. (6)).

Thus, in the case of the cylindrical approximation of the
PW surface, the single and distributed disclination models
prescribe the same mechanical stresses and strain energies,
whereas their total displacements are different.

3. Finite element modeling

The parametric FE simulations were employed to investigate
the elastic response of PWs within the single and distributed
disclination approaches. Figures 2a and b illustrate the FE
models prepared in ANSYS Academic Research software
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and representing the cross-section of faceting PWs subjected
to the local and distributed disclination distortions,
respectively. The area of the PW sections is assumed to be
equal to that of a circle of radius R . The FE mesh implements
the plane strain approximation, and it is built up from the
plane elements with a quadratic shape function to provide
more accurate calculations. The traction-free conditions
are defined for mesh nodes at the boundary of the models.
Besides, the central node of the FE meshes is fixed to prevent
rigid body motion. The behavior of the PW material is elastic
and isotropic.

In order to incorporate the local internal distortion
attributed to WD in the model made up of five isosceles
triangles with vertex angles equal to cos™'(1/3) (see Fig. 2a),
the nodes placed at the verges of the missing sector get a
tangential displacement +wr/2 with subsequent bonding
due to the activation of contact elements implementing the
bonded-MPC algorithm.

As for the distributed internal distortion induced by SD,
the eigenstrain €¥ =w/[2n] should be injected into the model
composed of five isosceles triangles with vertex angles equal to

AN\

lu|/ R, x 107

C

2-mt/5 (see Fig. 2b). However, almost all modern FE software
does not directly implement this option. Such a disadvantage
can be overcome by means of the thermal strain analogy.
In doing so, the PW material is endowed with orthotropic
thermal expansion property with coeflicients given in the
global cylindrical coordinate system as a =a =0 and
a,= w/[2n] K. Finally, the increment of nodal temperature
AT=-1K s employed to provide the desired eigenstrain €7 .

The FE solutions are demonstrated in Fig. 2b, ¢ with maps of
thetotal displacement |u|=/u’ + ui for single and distributed
disclination models. As seen from the figures, the pentagonal
faceting of PW significantly disturbs the displacement isolines.
Additionally, the obvious difference between the distribution
of |u| induced by WD and SD originates from the fact that the
internal distortion of WD involves the plastic rotation of verges
of the missing gap. Moreover, the mode of incorporation
of the distortion in the FE model can essentially impact the
theoretical estimation of the elastic fields and strain energy as
well. In the next section the discrepancy between the numerical
and analytical modeling of the elastic response of the PWs is
discussed in detail.

|
e =

o e (e )

0 2 4 6 8 10
lu| /R, x 10
d

Fig. 2. (Color online) The FE meshes (a), (b) and the FE total displacement |u| (c), (d) in the PW cross-section are given for v=0.25.
Figures (a) and (c) refer to single disclination models, while (b) and (d) refer to distributed disclination models. R is the radius of a circle

with an area equal to the pentagonal one.
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4. Results and discussion

This section is devoted to the analysis of the contribution
of the actual faceting of PWs and the mode of internal
distortion to the accuracy of theoretical modeling. The
following analytical and numerical solutions are considered:

(i) analytical dependencies of the WD elastic fields in the
cylindrical body as a single disclination model of PWs;

(ii) analytical dependencies of the SD elastic fields in the
cylindrical body as a distributed disclination model of PWss;

(iii) numerical computations of the WD elastic fields
in the pentagonal prism as a single disclination model of
faceting PWs;

(iv) numerical computations of the SD elastic fields in
the pentagonal prism as a distributed disclination model of
faceting PWs.

The radial and tangential displacement provided by the
single and distributed disclination models within analytical
and numerical approaches are illustrated in Fig. 3a and b,
respectively. As seen from Fig. 3a, analytical curves and
numerical data demonstrate similar behavior viz. the ratio
r/R, increase is accompanied by decrease in u . The FE radial
displacements along pentagon circumradius (OA) induced
by both WD and SD take values less than the ones prescribed
analytically for a cylinder. Additionally, the displacements
obtained numerically for OA almost coincide. In case of WD,
the FE radial displacement along the pentagon apothems
(OB) exceeds the analytical curves, while for SD it is inferior.

Figure 3b depicts the dependencies of tangential
displacement on the polar angle ¢ — /2 given for the points
located at the body boundaries. As shown, the numerical
data verify the analytical solutions for both WD and SD.

A@
A‘
B

%

0A

o4 - — -

0A oooo0

OB

oooo

04 eeee

OB

Rogogoded

4n/5  6m/5
o —m/2

0 25

b

871/5

2n 000

000C

Fig. 3. (Color online) Dependencies of the displacement components induced by a disclination defect: #,_on the normalized radial distance
r/L (L=R, for the cylinder, L=OA for the pentagon circumradius and L = OB for the pentagon apothem) (a), and u, at the free boundary of
the bodies on the angle ¢ — /2 (b). The displacement in the PWs is given for the analytical (solid and dashed curves correspond to single
and distributed disclinations respectively) and the FE solutions (marks) for v=0.25.

179



Shevchuk et al. / Letters on Materials 14 (3), 2024 pp. 175-182

Moreover, the validity of the axial-symmetry assumption in
the case of SD is confirmed. As for WD, the FE tangential
displacement in a pentagonal body depends linearly on the
angular coordinate, as claimed by analytics for a cylindrical
one.

Figures 4a,b and cillustrate the dependencies of the stress
tensor components 0 , o and o_ on the ratio /L (L=R,
for a cylinder, L=1.15R for the pentagon circumradius OA,
and L=0.93R for the pentagon apothem OB). As seen from
the figures, the numerical data are in good agreement with
analytical solutions, particularly for the region with r<0.7R .
The biggest discrepancy between the models is observed in
the peripheral area (r>0.7R ). It is worth noting that stresses
0,, and o_ obtained numerically for WD and SD along the
circumradius (OA) of the pentagon take values less than those

obtained analytically for a cylinder. Hence, the pentagonal
shape of actual PWs is responsible for stress relaxation in the
vicinity of their edges.

The obtained FE data allow one to calculate the strain
energy induced by WD and SD in a pentagonal body as

1 Nzl
_ (n) (1)
E, —gzsn% &j >
n=1

where N is the number of elements in the model, S is the
area of the n-th element, ofj“’ and & are the stress and strain
tensor components corresponding to the n-th element.
Figure 4d demonstrates the energy curves E_(v) determined
analytically by Eq. (6) and numerically by Eq. (18) for the case
of equal areas of the pentagonal and cylindrical sections. As
shown in Fig. 4d, the strain energy rises with Poisson’s ratio

(18)

v/L

Evt X 10-2

.....

04 05

04 eeee

OB mumm

E\'l _--.--_

Fig. 4. (Color online) Dependencies of stress tensor components o,_(a), 0, (b) and o, (c) of a disclination defect on the ratio /L (L=R,
for the cylinder, L= OA for the pentagon circumradius and L= OB for the pentagon apothem) for v=0.25; the dependence of strain energy
E_, on the Poisson ratio v of the PW material (d). Stresses and energy are presented for the analytical solutions for single (solid curve) and
distributed (dashed curve) disclination models, the FE solution (marks). The stresses are given in units Gw/[2n(1- V)] and the strain energy

is given in units Gw’R}.
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v increase. Besides, the strain energies obtained analytically
take the largest values while FE ones take relatively low
values. For example, for v=0.25, the values 107°E_/Gw’R}
are: =2.7 in the case of analytical solutions for WD and SD
in the cylinder, =2.5 and =2.4 in the case of FE solutions for
the pentagonal body containing WD and SD, respectively.

Cylindrical bodies containing either WD or SD
were examined numerically by FE method as well. The
discrepancy between the strain energies defined analytically
and numerically (FE computations) has not been ascertained
(the results of the modeling are not presented in this work).
Therefore, it is the pentagonal shape that is responsible for the
obtained discrepancy of strain energies between cylindrical
and pentagonal bodies depicted in Fig. 4d.

In our previous work [41], it was demonstrated that
the strain energy of the cylindrical body containing a long
prismatic inclusion with dilatational eigenstrain e} =€ =&,
is proportional to the cross-section area of the inclusion and
does not depend on the interface faceting. In the present
work it is demonstrated that the strain energy of the PW
subjected to the angular eigenstrain ¢} is strongly affected
by the external faceting. Therefore, the internal interface in
[41] is mainly responsible for the appearance of the coherent
strained state in the core-shell wire, while the outer surface
here is responsible for the elastic relaxation of the strained
state in the PW.

5. Conclusions

A PW model was proposed to describe the internal stress
in terms of stereo disclination with eigenstrain spread
uniformly over the cylinder cross-section. A comparative
analysis of the proposed distributed disclination model
and the classical single disclination model of PWs was
carried out using analytical calculations and FE modeling.
It was shown that the elastic fields and strain energy were
significantly affected by the PW distortion mode, considered
either within single or distributed disclination approaches.
The pentagonal faceting strongly impacts the elastic fields
viz. stress reduction is observed in the vicinity of PW edges.
As a result, the strain energy determined numerically for
a pentagonal cross-section turns out to be lower than that
determined analytically for a circular cross-section. The
distributed disclination model seems to be preferable to the
single disclination model in the case of FE modeling since the
latter requires significantly more computational resources.
Finally, it can be noted that FE modeling is applicable to
describe the complex geometry of the PW to provide more
accurate calculations. In contrast, analytical modeling is
available for theoretical evaluations where high accuracy is
not required.
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