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A theoretical model of mechanical stress relaxation in decahedral particles by the formation of a central spherical pore is 
suggested and analyzed within an energy approach. The strain energy of a hollow decahedral particle is found in a closed 
analytical form. It is shown that there is a critical radius of a decahedral particle below which the formation of a central pore 
is not energetically favorable, while above which it is. The optimal radius of the pore increases with growth of the particle. 
Theoretical results are verified with available experimental data on observation of hollow decahedral particles.
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1. Introduction

In the last two decades, hollow and porous nano- and 
microstructures attracted a keen interest in various research 
fields and practical applications, e. g. see reviews [1– 4]. 
However, few attempts were focused on the theoretical 
aspects of pore / void formation in nano- and microparticles 
[5]. The processes of pore nucleation and evolution in such 
objects can be driven by different factors including structural 
crystallinity [5], diffusivity of components [6], presence of 
vacancy sinks / sources [7], surface and volume stress states 
[8], etc.

A great amount of available experimental data on pore 
formation in nano- and microobjects get focused on the 
phenomenon observed in pentagonal crystals (PCs) [9 –14]. 
The building of PCs, also known as multiply twinned 
particles (MTPs), is controlled by five-fold cycling twinning 
in materials with FCC crystal structure [15,16]. Pentagonal 
crystals exist in the form of pentagonal wires (PWs), 
decahedral small particles (DSPs) and icosahedral small 
particles (ISPs). It is worth mentioning that hollows in MTPs 
are produced by different strategies using electrodeposition 
[10 –12], chemical etching [17] and surfactants [18], galvanic 
[19] and Kirkendall [20] replacement of components, and 
electron beam irradiation [21, 22]. The pore formation in 
MTPs was first theoretically described for PWs and ISPs (but 
not for DSPs) in Ref. [9] as an efficient channel of residual 
mechanical stress relaxation.

Nowadays the residual stresses being inherent to MTPs 
are well understood in the framework of disclination 
approach [23, 24] originating from pioneering works by De 
Wit [25] and Galligan [26]. In the disclination approach, 
the inhomogeneous stress / strain state in MTPs is caused 

by wedge disclinations (WDs) [15, 23]. In accordance with 
this approach, five tetrahedral material domains with FCC 
crystalline structure and with {111}-type crystallographic 
planes surface facets are glued together around an edge, which 
coincides with <011>-type crystallographic direction, to form 
a DSP in the form of a polyhedron with ten triangular facets, 
i. e. decahedron. Domains inside the DSP are separated by five 
coherent twin boundaries. Their common five-fold junction 
contains a partial positive WD of strength ω ≈ 0.128  rad. 
Similar model treats PWs as pentagonal prisms elongated in 
<011>-type crystallographic direction and having {100}-type 
crystallographic planes on lateral prism facets and WDs of 
strength ω along the prism axes. In a similar way, ISPs are 
treated as icosahedra with six WDs of strength ω connecting 
opposite vertices of the icosahedra [15, 23].

The continuum models suitable for the analysis of stresses 
and stored strain energy in MTPs, consider a DSP and an ISP 
as an elastic sphere containing either a single positive WD 
or six such WDs, correspondingly, and a PW as an elastic 
cylinder with a single WD. Whereas elastic properties of 
WDs in a cylinder were studied in numerous textbooks on 
Mechanics of Solids [27, 28], there exist only few solutions for 
WDs in the bodies with spherical symmetry. Polonsky et al. 
[29] were the first who found elastic fields and energy of such 
a WD in an elastic sphere. Recently, Kolesnikova et al. [30] 
extended this solution to the case of a WD in a hollow sphere.

In the present paper, we employ the solution [30] to 
find analytical expressions for strain energies stored in both 
solid and hollow DSPs. Based on these results, we suggest 
a theoretical model of residual stress relaxation due to the 
pore formation in disclinated DSPs. (The idea about the 
diminishing of the WD energy via the formation the void in 
its core was advanced in Ref. [31] with no relation to MTPs.)
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2. Model

To model strain-stress state in an initially solid DSP (Fig. 1a) 
we use an elastic sphere of radius a0, with shear modulus G 
and Poisson ratio ν, containing an axial positive partial WD 
with strength ω = 0.128 rad (Fig. 1b). Within such a model, 
the interior region of DSP is compressed while the periphery 
region is stretched with the exception of small compressed 
regions around the poles crossed by the disclination line (see 
Fig. 8 in Ref. [30] for details). We expect that such residual 
stress state causes the generation of vacancies on the DSP 
stretched surface and their migration to the DSP compressed 
interior region with subsequent coagulation to form a 
central spherical pore of radius ap (see Fig. 1c). Besides, we 
assume that the inverse migration flow of atoms from the 
compressed interior region of the DSP to its outer surface 
leads to an increase in the DSP visible volume. This volume 
increase can be described in terms of radii a3 = a0

3 + ap
3, where 

a is the radius of the DSP in its final relaxed state.
The pore formation in the interior region of a DSP leads 

to the following factors of its energy change: (i) an increase 
in its free surface area, (ii) a decrease in its twin boundaries 
area, (iii) strain relaxation, and (iv) radial displacement of 
surface atoms due to the surface tension. As it was shown 
earlier [9], the contribution of twin boundaries and surface 
tension in the total energy of both solid and hollow DSPs can 
be neglected.

3. Results and Discussion

The energy change of DSP due to the pore formation can 
be written as ∆E = ∆Esurf + ∆Estrain, where ∆Esurf and ∆Estrain 
are the surface and strain energy changes, respectively. The 
surface term is given by ∆Esurf = γ(Sh − Ss), where γ is the free-
surface specific energy, Sh and Ss are the surface areas for 
hollow and solid DSPs. In most practical cases, the real shape 
of DSPs is different from the spherical one. Оne can derive 
the surface area of a solid DSP in terms of the radius a0 as 
area of ten {111}-type facets (see Fig.  1a): S as =10 3 30

2 / .  
If both the pore and DSP have a faceting decahedral shape, 
the approximations Sh ≈ 6(ap

2 + a2) and Ss ≈ 6a0
2 seem reliable 

for theoretical estimation. Within the work, the facet 

representation is employed to calculate the surface energy 
of DSPs while the continuum model of an elastic sphere 
containing a WD is used to calculate the strain energy of 
DSPs.

To find ∆Estrain, let us first determine the strain energy of 
a WD, symmetrically piercing an elastic spherical shell, as a 
work spent to the creation of the WD in its own stress field:
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where the hoop stress shσω
φφ was calculated in [30]. In the 

present work, we reconsider the solution [30] to rewrite shσω
φφ 

in the following form:
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where α1m = 2(2m +1)(m−1− ν − 4mν), β1m = 2m, γ1m = 2m× 
×(2m + 3 − 2ν − 8mν), δ1m = −2m −1, α2m = 2m + 5 − 4ν, β2m =1, 
γ2m = −2m + 4 − 4ν, δ2m =1, Pn(x) is the Legendre polynomial, 
Pn

1(x) = −(1− x2)1/2dPn(x)/dx is the associated Legendre 
polynomials, and x = cos θ. The expansion coefficients Am,  
Bm, Cm, and Dm can be found from the following set of 
algebraic equations issued from the boundary conditions at 
R = ap and R = a [30]:
  

� �
� �

�
( )
( )

ln ( )
, ,

1
36 1

5 6 2 2 1 2 00
0
3

�
�

��
�
�

�
�
� � � � �

� �G
R
a

A D
RR a a R a ap p

 	  
(3)

for m = 0, and
    
� � �

�

m R a a m m
m

R a a m m
m

R a a

m m
m

R a

A R B R

C R
� �

�

�

� �

�

� � �

�

p p p

p

, , ,

,

3
2

3
2 2

3
2 1

aa m m
m

R a a
D R� �� �

�
�3

2 3 0
p ,

,

     

(4a)

		      a 			    	                b 				        c
Fig.  1.  Schematics of a decahedral small particle (DSP) and its elastic model: geometry of a DSP with crystallographic facets (a), solid sphere 
with a wedge disclination as DSP model (b), partially relaxed state with a central spherical pore (c). The Cartesian (x, y, z), cylindrical (r, φ, z) 
and spherical (R, θ, φ) coordinate systems are shown.
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for m ≥1, where α3m= 2(2m+1)(2m2 − m−1− ν), β3m = 
= 2m(2m −1), γ3m = −4m(2m2 + 3m − ν), δ3m = 2(2m+1) (m +1), 
α4m = 4m2 + 4m −1+ 2ν, β4m = 2m −1, γ4m = 4m2− 2 + 2ν, 
δ4m = −2(m +1), and (in units of ω /[4π(1− ν)G]):
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Eqs. (2) – (4) were obtained by using the same procedure as 
in [30], with the only difference that the stress field of a WD 
in an elastic cylinder (instead of that in an infinite elastic 
medium) was employed to construct the solution of the 
problem.

Substitution of Eq. (2) in (1) gives:
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where t = ap / a, α5m = (2m+ 5 − 4ν) / (2m + 3), β5m =1/ (2m +1), 
γ5m = (m − 2 + 2ν)/(m −1), and δ5m = −1/ (2m).

In the limiting case of a solid elastic sphere (ap → 0), the 
corresponding strain energy of the WD acquires the following 
concise form:
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which coincides with the result by Polonsky et al. [29].
In Fig. 2, we show the dependence of the ratio of the energy 

terms shEel
ω and spEel

ω given by Eqs. (5) and (6), respectively, on the 
radii ratio ap / a for ν = 0.35. These dependences coincide with 
the results obtained by Kolesnikova in 2016 (unpublished). 
Similar curves obtained earlier for a hollow PW, modeled as 
an elastic cylindrical shell containing an axial straight WD, 
and for a hollow ISP, modeled as an elastic spherical shell 
containing a Marks-Ioffe stereo disclination [9], are shown in 

Fig. 2 as well. As is seen, for all the cases under consideration 
(for DSP, PW, and ISP), the strain energy decreases with an 
increase in the pore radius. Moreover, at the same value of 
the inner to outer radii ratio, the strain energy ratio shEel

ω / spEel
ω 

takes the lowest value for PWs, a medium value for ISPs, and 
the highest value for DSPs. For example, at ap / a = 0.5, these 
values are as follows: ≈0.1 for PWs, ≈0.25 for ISPs, and ≈0.55 
for DSPs. Thus, hollow DSPs store significantly higher strain 
energy with respect to solid DSPs, than hollow PWs and ISPs 
of the same inner and outer radii with respect to their solid 
counterparts. It is worth noting, however, that the strain 
energy values for a ISP treated as an elastic sphere containing 
six positive WDs [23] will differ from those obtained within 
the Marks-Ioffe model for the ISP.

Coming back to the surface and strain energy contributions 
in the relaxation process due to the pore formation in a DSP, we 
have the corresponding energy change as a function of the initial 
DSP radius a0 and the pore radius ap: ∆E ≈ 6γ(ap

2 + a2 − a0
2) + 

+ shEel
ω− spEel

ω, where the two last terms are given by Eqs. (5) 
and (6), respectively. The dependence ∆E(ap / a) is shown in 
Fig. 3 for different values of a0. On the plot, the left scale shows 
the ∆E values in units of Gb2a, while the right scale shows 

Fig.  2.  The dependence of the ratio of strain energies of hollow 
structures to solid ones on the inner to outer radii ratio ap / a for DSP 
(solid curve), ISP (dashed curve) and PW (dash-dotted curve).

Fig.  3.  The dependence of the energy change of a DSP due to pore 
formation on the inner to outer radii ratio for three different values 
of the initial radius a0. The energy change is given for pure Cu in 
units of Gb2a (the left scale) and keV (the right scale).
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them in keV for the practical case of pure Cu with ν = 0.38, 
b = 0.256 nm, G = 42.8 GPa [32] and γ111=1.952 J / m2 [33]. The 
pore formation is energetically favorable if ∆E < 0. As is seen 
from Fig. 3, there is a critical radius a0,cr of the initially solid 
DSP, such as, in DSPs with relatively small radius a0 < a0,cr, the 
pore formation is energetically unfavorable (∆E > 0 for any 
value of ap), while in DSPs with relatively large radius a0 > a0,cr, 
it is energetically favorable (∆E < 0 in a range of variable ap). 
It means that, in relatively small DSPs, the pore is unstable 
and tends to shrinkage as was observed in Au and Ag DSPs 
of 30 – 40 nm in diameter with pores of 3 – 8 nm in diameter 
[21, 22]. The critical value of the DSP radius a0,cr can be 
determined numerically from the system of equations ∆E = 0, 
∂∆E / ∂a0, and ∂2∆E / ∂a0

2 > 0. In our example, a0,cr≈ 904b in the 
normalized case and ≈0.23 μm for Cu (see Fig. 3).

It is worth noting that the critical radius of DSPs for 
generation of circular prismatic dislocation loops was 
earlier calculated as ≈258b [34] that is smaller than our 
current result for pore formation. One can conclude from 
this comparison that supersaturation of vacancies in center 
regions of growing DSPs should first lead to generation of 
vacancy-type prismatic dislocation loop(s) and only then to 
subsequent formation of a pore, probably from the loop(s). 
The latter process needs a special consideration that is out of 
scope of the present paper.

In DSPs of radius a0 > a0,cr, the pore tends to grow up to 
an optimal radius ap = ap,opt corresponding to the minimum of 
∆E < 0 (see Fig. 3). As is seen from Fig. 3, the more the initial 
radius a0 of the DSP rises, the more the optimal normalized 
radius ap,opt / a of the pore is. Besides, Fig. 4 demonstrates how 
the latter varies with the final radius a of DSPs, ISPs and PWs 
in the case of pure Cu. It is seen that, for all MTPs under 
consideration, the curves first sharply increase (for DSPs, 
at a in the range from ≈0.5  to ≈2  μm) and then smoothly 
grow with a. This result agrees well with experimental 
observation of large hollow DSPs and ISPs of radius a > 5 μm 
with thin shell thickness ≈0.1  μm [11]. The experimental 
values of ap,opt / a in DSPs were rather close to those in ISPs 
for relatively large values of a. Fig. 4 verifies our results with 
marks corresponding to experimental data on observation of 

hollow Cu MTPs attributed to stress relaxation processes. In 
fact, the theoretical curves go very closely to the experimental 
points for all MTP types under consideration.

4. Summary and conclusions

In summary, a theoretical model has been suggested which 
describes the formation of central spherical pores in DSPs 
within a quasi-equilibrium energetic approach. The change 
in the total energy of a DSP in its initially solid and finally 
hollow states has been calculated under the assumption 
(proved in [9]) that the contributions of the twin boundary 
energy and the surface-tension strain energy are small as 
compared with those of the bulk-strain and free-surface 
energies, and can be neglected. The strain energy of a hollow 
DSP has been found as the work spent to create a positive 
partial WD of strength ω ≈ 0.128 rad (≈7°20´), piercing an 
elastic spherical shell, in its own stress field. We have also 
compared the normalized strain energies of different hollow 
MTPs (DSPs, ISPs and PWs) and demonstrated that hollow 
DSPs store higher strain energies with respect to solid 
DSPs, than hollow ISPs and PWs with respect to their solid 
counterparts, for the same inner to outer radii ratios. The 
surface energy change due to the pore formation has been 
calculated with taking into account the real polyhedral shape 
of hollow DSPs. Our analysis of the total energy change in a 
DSP due to a central pore formation showed that the latter 
becomes an effective channel of strain relaxation when the 
outer DSP radius exceeds a certain critical value a0,cr. Our 
numerical estimates of a0,cr are in a good accordance with 
experimental observation of nanohole instability (collapse) 
in Ag and Au DSPs of 30 – 40  nm in diameter [21, 22] 
and pore presence in large Cu DSPs of 1  μm in diameter 
[10]. Besides, we have showed that, in large MTPs (with 
a >> 2 μm), the normalized optimal radius ap,opt / a of a pore 
smoothly grows with the MTP size a. This means that 
large solid MTPs should tend to relieve their strain energy 
through their transformation in thin multiply twinned shells 
as was observed experimentally in Cu MTPs [10]. Moreover, 
our theoretical estimates of the optimal pore radius in DSPs 
and ISPs are in good agreement with experimental data on 
hollow Cu MTPs.
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