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Transition to thermal equilibrium in a two-dimensional harmonic triangular lattice with nearest neighbor interactions is 
investigated. Initial conditions, typical for molecular dynamics simulations, are considered. Initially, particles have uncorrelated 
random velocities, corresponding to initial kinetic temperature of the system, and zero displacements. These initial conditions 
can be realized by heating of the system by an ultrafast laser pulse. In this case, the kinetic temperature of the system oscillates. 
The oscillations are caused by the redistribution of energy between kinetic and potential forms. At large times, energies 
equilibrate and temperature tends to the equilibrium value equal to a half of the initial temperature. In our previous works, an 
integral exactly describing this transient thermal process has been derived. The integrand depends on the dispersion relation 
for the lattice. The integral contains large parameter, notably time. In the present work, we investigate large time behavior of 
the kinetic temperature. Simple asymptotic expression for deviation of temperature from the steady state value is derived. 
The expression contains three harmonics with different frequencies and amplitudes. Group velocities corresponding to these 
frequencies are equal to zero. Two frequencies are close and therefore beats of kinetic temperature are observed. Amplitude of 
deviation of temperature from the steady state value decreases inversely proportional to time. It is shown that the asymptotic 
formula has reasonable accuracy even at small times of order of one period of atomic vibrations.
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Осцилляции температуры в гармонической треугольной 
решетке со случайными начальными скоростями
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В работе исследуется переход к состоянию теплового равновесия в двумерной бесконечной гармонической треуголь-
ной решетке с взаимодействиями ближайших соседей. Рассматриваются начальные условия, типичные для молеку-
лярно-динамического моделирования. В начальный момент времени частицы имеют некоррелированные случайные 
скорости, соответствующие начальной кинетической температуре системы, и  нулевые перемещения. Данные на-
чальные условия можно рассматривать как результат воздействия на систему ультракороткого лазерного импульса. 
При  переходе к  тепловому равновесию температура совершает затухающие колебания, вызванные уравниванием 
кинетической и потенциальной энергий. С течением времени температура стремится к равновесному значению, рав-
ному половине начальной температуры. В предыдущих работах авторов с использованием дискретного преобразова-
ния Фурье получен интеграл, в точности описывающий данный переходный процесс. Подынтегральное выражение 
зависит от дисперсионного соотношения для рассматриваемой решетки. Интеграл содержит большой параметр — 
время, прошедшее с  момента возмущения. В  настоящей работе исследуется поведение температуры при  больших 
временах. С использованием асимптотических методов получается простое выражение для отклонения температуры 
от равновесного значения. Выражение представляет собой сумму трех гармоник с различными частотами и ампли-
тудами. Показано, что групповые скорости, соответствующие данным частотам, равны нулю. Две частоты являются 
близкими, что приводит к биениям. Амплитуда отклонения температуры от равновесного значения убывает обратно 
пропорционально времени. Проведено сравнение полученной асимптотической формулы с точным решением. Пока-
зано, что формула имеет приемлемую точность даже на малых временах порядка одного периода колебаний атомов.
Ключевые слова: треугольная решетка, гармонический кристалл, кинетическая температура, биения, переход к тепловому 
равновесию, неравновесный процесс.
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1. Introduction

Analytical description of nonequilibrium thermal processes 
in crystals is a long-standing problem in mechanics and 
physics of solids [1,2]. An example of such process is a 
transition of a system from nonequilibrium state towards 
thermal equilibrium. An initial nonequilibrium state can be 
caused, for example, by an ultra short laser pulse [3 – 7] or 
by propagation of shock waves [8,9]. In these cases, energy 
is unequally distributed among degrees of freedom and the 
kinetic temperature can demonstrate tensor properties [8,9]. 
After the end of nonequilibrium process, material relaxes 
towards thermal equilibrium. Kinetic and potential energies 
tend to equilibrium values.

Similar phenomenon is observed in the beginning of 
molecular dynamics simulations at finite temperatures 
[10]. In a typical simulation, particles have random initial 
velocities and they are located at equilibrium positions. 
Then initially, total and kinetic energies of the system are 
equal. In the beginning of simulation, kinetic and potential 
energies oscillate in time and tend to the equilibrium values. 
The kinetic temperature, proportional to kinetic energy, also 
oscillates. In the present paper, we investigate this strongly 
nonequilibrium process. Note that the process does not 
depend on the initial distribution function for velocities. 
Behavior of the distribution function and its convergence to 
normal distribution is discussed in papers [11,12].

In harmonic crystals, transition to thermal equilibrium 
can be described analytically. In papers [13,14], the transition 
was investigated in harmonic one-dimensional chain. It has 
been shown that oscillations of kinetic temperature in a chain 
with random initial velocities and zero initial displacements 
is described by the Bessel function. In paper [15], similar 
problem was solved for one-dimensional chain with 
harmonic on-site potential. In papers [16,17] the results were 
generalized for the multidimensional case. In particular, an 
exact formula describing oscillations of kinetic temperature 
in harmonic triangular lattice has been derived.

In the present paper, we continue the analysis started 
in papers [16,17]. In-plane motions of harmonic triangular 
lattice with nearest-neighbor interactions are considered. 
Initially particles have uncorrelated random velocities, 
corresponding to initial kinetic temperature of the system, and 
zero displacements. An integral exactly describing oscillation 
of temperature in this system has been derived in paper 
[16]. In the present paper, we consider long-time asymptotic 
behavior of this integral. It allows, in particular, to calculate 
characteristic frequencies of temperature oscillations and to 
explain physical meaning of these frequencies.

2. Oscillations of kinetic 
temperature: an exact solution

In the present section, we recall the derivation of the exact 
expression describing oscillations of kinetic temperature in a 
uniformly heated harmonic triangular lattice [16].

Particles in the lattice are numbered by indices n, k so that 
their radius vectors rn,k have form [18,19]

rn,k = a(ne1 + ke2),   e3 = e1 + e2 ,

where a is an equilibrium distance between the particles; 
basis unit vectors of the lattice e1, e2 are shown in Fig. 1. Each 
particle interacts with six nearest neighbors via harmonic 
forces (see Fig. 1). Anharmonicity of interactions is neglected. 
Anharmonic effects in triangular lattice are considered, for 
example, in papers [16, 20 – 22].

Equations of motion of the particles have form
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where, c mω∗ = , c is bond stiffness, m is particle mass.
Initial velocities of the particles correspond to initial 

kinetic temperature of the system. Spatial distribution of 
temperature in the lattice is uniform (all particles have the same 
temperature). The velocities are independent random vectors 
with zero mean and equal variances. Initial displacements are 
equal to zero. In this case, initial kinetic energy is equal to 
the total energy of the system. Potential energy is equal to 
zero. In papers [16, 17] it is shown that the difference between 
kinetic and potential energies (Lagrangian) oscillates in 
time. It tends to zero as time tends to infinity, i.e. kinetic 
and potential energies equilibrate as predicted by the Virial 
theorem. The oscillations of the Lagrangian are described by 
the differential-difference equation similar to equation  (1). 
The equation for Lagrangian is solved using the discrete 
Fourier transform. The exact solution allows to calculate the 
deviation δT of kinetic temperature from the steady state 
value:
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where T0 is the initial kinetic temperature of the crystal;  
τ is dimensionless time; ω1, ω2 are branches of the dispersion 
relation for the triangular lattice defined as non-negative 
solutions of equation
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Parameters p, s are components of the wave-vector pe1 + se2, 
where ei are vectors of the reciprocal basis ei (ei · el = δi

l).
In the following section, we focus on the large-time 

asymptotic behavior of kinetic temperature. Asymptotic 
analysis allows to calculate the decay rate and frequencies of 
temperature oscillations.

1e
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Fig. 1. Particle with indices (n,k) and its nearest neighbors in 
triangular lattice.
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3. Large time behavior of kinetic temperature

In the present section, we derive simple formula describing 
large time behavior of the kinetic temperature using 
asymptotic methods [23,24].

Consider asymptotic behavior of integrals (2) at large time 
(τ → ∞). We reduce the integration domain using symmetry 
of functions ωj (p, s). In particular, the functions satisfy the 
condition ωj (p, s) = ωj (s, p). Using this and other symmetry 
conditions, we show that integrals over 12 minimal triangles 
in Fig. 2 are equal. Therefore integrals Ij take the form

( )12 cos ( , ) d d .j j
ABC

I p s p sω τ= ∫∫ 	 (4)

We change variables p, s to ω1, ω2 in integral (4). Then the 
triangle ABC is mapped on the curvilinear triangle O1O2O3 
(see Fig. 2).

Using equations (3) and (A2), we obtain the following 
expressions for boundaries of the integration domain (sides 
of the curvilinear triangle O1O2O3):
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To calculate Jacobian J of the transformation p, s to ω1, ω2, 
we make two consecutive changes of variables p, s to B, C and 
B, C to ω1, ω2. Corresponding Jacobians are calculated using 
formula (3)
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Note that B, C and ω1, ω2 are related via formula (3) and 
Vieta’s theorem. Then the resulting Jacobian J is calculated as
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Jacobian J is finite and it is not equal to zero inside the 
integration domain in formula (2). Therefore there is a unique 
correspondence between p, s and ω1, ω2.

Changing variables in integral (4) yields
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O O O

I J ω ω ω τ ω ω= ∫∫ 	 (6)

Note that components of the inverse Jacobian are equal to 
components of the group velocities.

After minor algebra in formula (6), we obtain the Fourier-
type integrals:
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where λ2(ω1), λ1(ω2) are integration domains determined by 
formulas (5).

In the appendix, it is shown that asymptotic behavior 
of integrals Ij depends on the values of functions fj on the 
boundaries of the integration domain and on singularities 
of these functions (see formula (A7)). It can be shown that 
functions fj(ω), defined by equations (7), are regular inside 
the integration domains (0; √–3) and (0; 3 / 2), except for points 
O1(0, 0), O2(3 / 2, 3 / 2), O3(√–3, 1), O4(9 / (4√–2), 3√–3 / 4) (see 
Fig.  2). Points O1 and O2 do not contribute to asymptotics 
of integrals Ij. The contribution is zero because fj(0) = 0 at the 
beginning of the integration interval and f2(3 / 2) = 0 at the end 
of the integration interval.

Functions f1, f2, have logarithmic singularities at the points 
9 / (4√–2) and 1 respectively. Using formulas (7), we show that 
in the vicinity of these points

1 1 2 2
6 9 128 ln , ln 1 .
7 4 2 7

f fω ω≈ − − ≈ − 	 (8)

Contribution of singular points to the asymptotics is 
proportional to coefficients L1 = –8√–6–/–7–, L2 = 12 / √–7 (see 
formula (A7)). Another contribution to asymptotics of the 
integral I1 is from the value of function f1 at the boundary 
point ω = √–3. It is shown that

1
1 13 0

lim ( ) 4 3 .f
ω

ω π
→ −

= 	 (9)

Derivation of formulas (8) and (9) is given in paper [25].
Summing contributions of all special points yields:
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Substituting formula (10) into formula (2), we obtain the 
asymptotic expression describing large time behavior of the 
kinetic temperature:

Fig. 2. Integration domain in variables p̃ = √–3 (p + s) / 2, s̃  = (s − p) / 2 (left). Integration region in the variables ω1, ω2 (right).
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Formula (11) describes the deviation of temperature from the 
steady-state value. It shows that the deviation decays inversely 
proportional to time. Oscillations of temperature have three 
main frequencies

1 2 3
9 , 2 6 , 2 2 .2ω ω ω∗ ∗ ∗Ω = Ω = Ω = 	 (12)

These frequencies correspond to three special points of 
integrals Ij. Note that frequencies Ω1 and Ω2 are close. 
Therefore beats of kinetic temperature are observed.

We show using formulas (3) that group velocities 
corresponding to frequencies (12) are equal to zero:

1,2 1,2 1 1

433 4

0.
OOO Op s p s

ω ω ω ω∂ ∂ ∂ ∂
= = = =

∂ ∂ ∂ ∂

Note that the same fact is observed in one-dimensional chain 
with harmonic on-site potential [15].

Comparison of the exact expression (7) for δT with 
asymptotic formula (11) is shown in Fig.  3. For t > 2.5t* , 
where t* = 2π / ω* , the difference between exact and asymptotic 
formulas is less than 6 %.

Thus formula (11) describes oscillations of kinetic 
temperature even at small times t ~ t*.

4. Conclusions

Oscillations of kinetic temperature in harmonic triangular 
lattice with random initial velocities and zero initial 
displacements were considered. Simple asymptotic formula 
describing large time behavior of these oscillations was 
derived. Comparison with an exact solution shows that the 
asymptotic formula has reasonable accuracy even at small 
times of order of one period of atomic vibrations. It is shown 
that deviation of kinetic temperature from the steady state 
value is represented as a sum of three harmonics with different 
frequencies and amplitudes. The amplitudes are inversely 
proportional to time. Group velocities corresponding to 

frequencies in asymptotics are equal to zero. The same effect 
has previously been reported for one-dimensional chain with 
harmonic on-site potential [15]. Therefore we assume that 
in harmonic crystals frequencies of oscillations of kinetic 
temperature correspond to zero group velocities. However 
this hypothesis is awaiting a rigorous proof.

Acknowledgements. This work was supported by the 
Russian Science Foundation (RSCF grant № 17‑71‑10213).

References

1.	 R. V. Goldshtein and N. F. Morozov, Phys. Mesomech. 10 
(5), 17 (2007).

2.	 C. F. Petersen, D. J. Evans, S. R. Williams, J. Chem. Phys. 
144, 074107 (2016).

3.	 F. Silva, S. M. Teichmann, S. L. Cousin, M. Hemmer, and 
J. Biegert, Mater. Commun. 6, 6611 (2015).

4.	 S. I.  Ashitkov, P. S.  Komarov, M. B.  Agranat, G. I.  Kanel’, 
and V. E. Fortov, JETP Lett. 98 (3), 384 (2013).

5.	 N. A.  Inogamov, Yu. V.  Petrov, V. V.  Zhakhovsky, 
V. A.  Khokhlov, B. J.  Demaske, S. I.  Ashitkov, 
K. V.  Khishchenko, K. P.  Migdal, M. B.  Agranat, 
S. I. Anisimov, V. E. Fortov, I. I. Oleynik, AIP Conf. Proc. 
1464, 593 (2012).

6.	 K. V. Poletkin, G. G. Gurzadyan, J. Shang, and V. Kulish, 
Appl. Phys. B 107, 137 (2012).

7.	 D. A.  Indeitsev, V. N.  Naumov, B. N.  Semenov, 
A. K. Belyaev, Z. Angew. Math. Mech. 89, 279 (2009).

8.	 B. L.  Holian, W. G.  Hoover, B.  Moran, and G. K.  Straub, 
Phys. Rev. A, 22, 2798 (1980).

9.	 W. G. Hoover, C. G. Hoover, K. P. Travis, Phys. Rev. Lett. 
112, 144504 (2014).

10.	M. P.  Allen, D. J.  Tildesley, Computer Simulation of 
Liquids (Clarendon Press, Oxford, 1987).

11.	T. V. Dudnikova, A. I. Komech, H. Spohn, J. Math. Phys. 
44, 2596 (2003).

12.	T. V. Dudnikova, A. I. Komech, N. J. Mauser, J. Stat. Phys. 
114, 1035 (2004).

13.	A. M. Krivtsov, Dokl. Phys., 59 (9), 427 (2014).
14.	A. M. Krivtsov, Dokl. Phys., 60 (9), 407 (2015).
15.	M. B.  Babenkov, A. M.  Krivtsov, D. V.  Tsvetkov, Phys. 

Mesomech., 19 (3), 282 (2016).
16.	V. A.  Kuzkin, A. M.  Krivtsov, Phys. Solid State, 59 (5), 

1051 – 1062 (2017).
17.	V. A. Kuzkin, A. M. Krivtsov, Dokl. Phys., 62 (2), 85 (2017).
18.	V. A.  Kuzkin, A. M.  Krivtsov, E. A.  Podolskaya, 

M. L. Kachanov, Phil. Mag., 96 (15), 1538 – 1555 (2016).
19.	V. A.  Tsaplin, V. A.  Kuzkin, Letters on Materials, 7(4), 

341 – 344 (2017).
20.	A. V. Porubov, I. E. Berinskii, Math. Mech. Sol. 21(1) 94, 

(2016).
21.	A. A.  Kistanov, S. V.  Dmitriev, A. P.  Chetverikov, 

M. G. Velarde, Eur. Phys. J. B, 87, 211 (2014).
22.	E. A.  Korznikova, S. Yu.  Fomin, E. G.  Soboleva, 

S. V. Dmitriev, JETP Letters, 103 (4), 277, (2016).
23.	M. V. Fedoryuk, Russian Math. Surv., 6 (1), 65 – 115 (1971).
24.	R.  Wong, Asymptotic approximations of integrals, 

Academic Press, (1989).
25.	V. A. Tsaplin, V. A. Kuzkin, arXiv:1709.04670 (2017).

Fig. 3. Oscillations of kinetic temperature in triangular lattice with 
random initial velocities and zero initial displacements. Solid 
line — asymptotic formula (9); dashed line — exact formula (2).



20

Tsaplin et al. / Letters on Materials 8 (1), 2018 pp. 16-20

Appendix. Asymptotics of Fourier-type integrals

In the present appendix, we consider asymptotic behavior of 
the Fourier-type integral

0
( )cos( )d

b
I f ω ωτ ω= ∫ 	 (A1)

for large values of parameter τ. Assume that f (ω) is a 
polynomial. Then integration by parts in formula (A1) yields 
the following asymptotics:

2

1sin( ) , .bI f b O
τ

τ τ
τ

 = + →∞ 
 

	 (A2)

Formula (A2) is valid for polynomial of any degree. Therefore 
it is also valid for function f (ω) being regular on the interval 
[0, b].

Formula (A2) is generalized for functions having N 
discontinuities on the integration interval. Assume that 
functions f has N finite jumps Gi at points ω̃i ∈ (0, b):

( )
0

lim ( ) ( ) .i i iG f f
ε

ω ε ω ε
→+

= + − −  	 (A3)

Then separating the interval (0, b) into N + 1 intervals, where 
f is regular, and using formula (A2) yields:

1

sin 1( ) sin .
N

i i
i

bI f b Gτ ωτ
τ τ =
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Formula (A4) shows that asymptotic behavior of integral 

(A1) depends on discontinuities of function f and its value 
f (b) at the boundary point.

Consider logarithmic singularity of function f at the point 
ω = ω', (0 ≤ ω' < b). In other words, in the vicinity of this point 
the function has form

( ) ln .f L 'ω ω ω≈ − 	 (A5)

Substituting this expression into the integral (A1) yields:
cos ln sin , 0,

ln sin , 0.2

' b ' b 'LI
b b '

π ω τ ω τ ω
πτ τ ω

− + − >
≈ − + =

	 (A6)

The contribution of the logarithmic singular point to 
asymptotics of the integral (A1) is given by the first terms in 
these expressions. The second terms is the contribution of the 
end of the integration interval ω = b.

Generalizing formula (A4) for function f (ω) having 
N discontinuities (each of them is jump or logarithmic 
singularity) at points ω̃i ∈ [0, b), i = 1 … N, yields:

( )
0

1

sin( )cos( )d ( )
1 sin cos .

b
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i i i i
i

bf f b

G L

τω ωτ ω
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ωτ π ωτ
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∫

∑  

	 (A7)

Coefficients Gi , Li are defined by formulas (A3), (A5) 
respectively. If there is no logarithmic singularity at ω̃i , then 
Li = 0. If ω̃i = 0, then corresponding coefficient Li in formula 
(A7) should be replaced by Li / 2 (see formula (A6)). 


