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For cubic crystals the variability of the shear modulus is
analyzed. Extreme values of the shear modulus and their
directions are determined. It is shown that the dimensionless
shear modulus depends on the crystal orientation and a
positive dimensionless elastic parameter. The value of this
parameter specifies, in particular, the ratio of maximum
and minimum values of the shear modulus. The lists of the
extreme values of shear moduli of various cubic crystals with
negative Poisson’s ratio, ordered by the magnitude of the
elastic parameter, are given.
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1. Introduction

Young’s modulus, Poisson’s ratio and shear modulus for
isotropic materials are constant. For anisotropic materials
elastic properties depend on the orientation of the test
specimens.

In this paper we analyze the variability of shear modulus
of cubic auxetics with the change in the orientation angles of
tensile specimens. There are used experimental data for the
elasticity coeflicients of cubic crystals with negative Poisson’s
ratio (auxetics), contained in [1] and in [2,3].

In the linear elasticity the shear modulus G(n,m) is
defined by two unit vectors n and m [4]

1 _
G (n,m)=4s,,nmnm,.

Here, vector n - unit vector normal to the slip plane, and vector
m - unit vector in the direction of slip. Below, components of
the fourth-rank tensor s, in the crystallographic coordinate
system are replaced by compliance matrix coeflicients s [5].
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[ Ky6MYeCKUX KpUCTa/UIOB IIpOaHa/IM3MPOBaHA I3SMEHY -
BOCTb MORY/IA cpBura. OnpesiesieHbl 9KCTpeMabHble 3Hade-
HYA MORY/IA U VX HanpasieHnsA. [TokasaHo, 4To 6e3pasmep-
HBIII MOJY/Ib C/IBUTA 3aBUCUT OT OPMEHTALM KPUCTA/IIOB
U OIHOTO TIOTIOXWUTENbHOTO 6e3pasMepHOTO YIPYToro Ia-
pamerpa. BemmumHolt sToro mapameTpa ompeiendeTcs, B
YaCTHOCTY, OTHOLIEHVe MaKCMMAaJIbHOTO ¥ MUHVIMA/TIbHOTO
3Ha4YeHWIT MORy/sA caBura. Ilpu orpaHm4eHMu Kpyucrajia-
MM C oTpuLaTebHbIMU Koadduiyentamu IlyaccoHa faHbl
YIOpSJOYEHHBIE 10 BeIMYIHE YIPYroro mapaMeTpa CImCcKu
9KCTpeMaJIbHbIX 3HAUCHUII MO/l C/IBUTa Pa3/IMYHbIX Ky-
OM4eCKMX KPUCTAJIIOB.

KnroueBbie croBa: MOJYy/Ib CiBUTA, KY6I/I‘18CKI/II7[ KpucCTami, aykce-
TUK.

2. Extreme values of the shear modulus
for cubic crystals

The shear modulus in the particular case of cubic crystals
takes the form

1

, (1)
844 +2(s,, =5, —0.5s,,)N(n,m)

G(n,m)=

N(n,m)EZ(nlzml2 +n22m§ +n32m32)
Here N(n,m) is a function only of mutually orthogonal
unit vectors n and m. Its form does not depend on the elastic
properties of crystals.
Also we rewrite the shear modulus as a function of
Euler angles. Mutually orthogonal unit vectors n and m are
represented in the Euler angles ¢, 0, y as follows

sin psin &
n=|—-cosgsing |

cosd
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—sin@cos@cosy —cos@siny
m=| cos@cosfcosy —sin@siny

sindcosy
Restrictions are valid for components of these vectors

2 2 2 _ 2 2 2
motnytny =1, ml+m; +m; =1,

mm, +n,m, +nym; =0.

)

Expression of the shear modulus for cubic crystals (1)
through the Euler angles can be rewritten as

1
S4q +2(8, =8, —0.55, )N(9,0,y) |

G(p,0,y)=

N(p,0,p)= {3 cos’ @cos’ y +
+(cos@cos2¢pcosy —sin2psiny)’ } sin @

Thus, we have two different parameterizations of the
function N. Analysis of the function N(n,m)=N(¢,0,y) shows
that it is limited [6]

0<N(n,m)=N(p,0,y)<1. 3)

The dependence of the shear modulus of the elastic
coeflicients and the angular variables is conveniently written
in dimensionless form

=1+(P-1)N(p,0,y),

44

S _ 2 Cua

€1~ Cp

p=22

Sus

Here, the elastic dimensionless parameter P is expressed
through the compliance modules or the stiffness
coefficients. Due to the thermodynamic restrictions of the
compliance modules s,,—s,, >0, s,, >0 the parameter
P is nonnegative. Accounting for relations (3), we find the
following constraints on the dimensionless shear modulus

s,,G

0<P<l: 0o<pP<

<1
Sa4
1<P:

1< <P

S44

They are shown schematically in Fig. 1.

It follows that the value of a parameter P determines the
relative magnitude of the maximum and minimum of the
shear modulus. At P>1 ratio G_ /G_, is equal to P, and at
P <1 this ratio is equal to 1/P. At the same time, the minimum
value G is always positive. All this is reflected in Tables 1-4.
Data on the elastic properties of cubic crystals in [1] are too
numerous. Therefore, we are confined ourselves here only
by cubic auxetics. Moreover, in Tables 3 and 4 we adopted
the restriction by auxetics with large values of the elastic
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Fig. 1. Changing the range of inverse values of the dimensionless
shear modulus with a change in the value of the dimensionless
elastic parameter. Region of possible values (s,,G)™" is shaded.

Table 1

The values of the compliance modulus s,, , dimensionless parameter
P and maximum and minimum values of the shear modulus of

complete auxetics.

Sus -1 B 71,
Cubic crystal TI? N p Sua, (205 =52))
a GPa GPa
5 989 | 2.38 10.1 4.25
2 105 | 4.15 | 952 2.29
Sm Y S 333 | 032 30.0 92.6
07703 323 | 034 31.0 91.1
345 | 038 29.0 76.9
Sm,_.Y,,.S 33.3 0.35 30.0 84.7
333 | 035 30.0 84.7
Sm,,La ,S[10] | 3571 | 0.48 28.0 58.5
Sm, .La, S[10] | 27.78 | 0.92 36.0 39.0
Sm, . Tm,,S[10] | 27.03 | 0.61 37.0 60.5
Table 2

The values of the compliance modulus s,, , dimensionless parameter
P and maximum and minimum values of the shear modulus of

partial auxetics with 0<P<1.
. _ -1
Cubic crystal Saa> P Saa> (2051 =5)) 7,
TPa' (Gmin’GPa) (Gmax’GPa)
USe 67.6 | 0.12 14.8 128
UTe 83.3 0.16 12.0 72.8
USb 56.2 0.17 17.8 102
TmSe 38.5 0.21 26.0 125
Tm,,Se 37 0.23 27.0 118
SnTe 81 0.23 12.3 53.8
GeTe-SnTe 80.6 0.24 12.4 52.1
ReO, 164 | 0.25 61.0 243
Sm ,La S[10] | 41.67 | 0.33 24.0 72.6
SmB, 12.82 | 0.37 78.0 211
Sm, . Tm, S[10] | 3846 | 048 [ 26.0 54.5
FeS, 8.79 0.51 114 222

dimensionless parameter (at P>10) and the relative small
values of this parameter (1<P<2.5). All data are arranged in
accordance with the value of dimensionless parameter P, and
hence the ratio G_ /G _. . Table 1 contains the results for the
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complete auxetics, which have a negative Poisson’s ratio for
any orientations of the crystals. In Tables 2-4 the results are
presented for partial auxetics, i.e. for crystals with negative
Poisson’s ratio for some orientations, and positive for others.

Table 4
The values of the compliance modulus s,,, dimensionless parameter
P and maximum and minimum values of the shear modulus of
partial auxetics with P>10.

The number of partial auxetics in Tables 2-4 under constraints s .
0<P<2.5, P>10, significantly less than the total number Cubic crystal ;ﬁgl P G44 } (2051, =51))
of partial cubic auxetics (over 350 [7]). Large magnitude a GP{";’S (G, .GPa)
G_./G_. =P were in crystalline alloys InTl. For them, under
certain conditions, this ratio exceeds 10°. Au, Cu,Zn, 16.6 10.0 60.2 6.00
CuZn (46at%Zn) 12.5 10.1 80.0 7.94
3. Extreme directions for which the shear CuAINi
dulus i -1 (Cu-14wt% 10.4 10.2 96.2 9.40
modulus 18 S, Al-4.1wt%Ni)
The analysis will begin with three particular cases where the CuZn (43at%Zn) 13 10.4 76.9 7.40
unit Xectlor n has onl}(; orﬁl nonzero comj)onent. ; CuZn (47.8at%Zn) 12.5 108 30.0 794
1) n-=1, n,=n,=0_ Thi =0= 71/2
) 2 =1 is corresponds to ¢=0= /2 an Cu,Ni, Zn 116 | 109 | 862 7.90
m = (0,-siny,cosy); the equality N(7#/2,7/2,y)=0 302050
is fulfilled. P,-AgCd
9at%
(47.9at%Cd) 19.6 11.2 51.0 4.55
Table 3 _— Tl
The values of the compliance modulus s,,, dimensionless parameter nTl (39.06%TD) 15 115 8.70 0.76
P and maximum and minimum values of the shear modulus of Cu, Zn, Al 11.8 12.0 84.7 7.05
partial auxetics with 1<P<2.5. CuAlZn
5! 1 (Cu-17at%Al- 12.07 12.0 82.9 6.89
44 , —_ .
Cubic crystal ; I‘)er P G (2(511 Slz)) 14.3at%Zn)
a Ghay | (GuwGP) CuAlINi
LD ” 176 455 5.8 (Cu-14.5wt%Al- 9.7 12.1 103 8.50
! i i : 3.15wt%Ni)
Lift 2 [ 178 | 455 25:5 Au, Cu, Zn,, 18 | 123 | 556 450
FeCoCrMo (25at%Co. ;
? Cu, Ni _Zn 114 12.4 87.7 7.10
30at%Cr, 3.4at%Mo) | 7 | 182 [ 13 633 s s~
- Au, Cu Zn 17.2 12.9 58.1 4.50
LiF 15.8 1.89 63.3 334 e
Mn_ Ni_ C 9.78 13.6 102 7.51
) 3.98 2.11 251 119 e
SiC InT1 (35.15at%TI1) 115 14.6 8.70 0.59
4.29 2.20 233 106 |
Cu_ . Z A 11.6 14.8 86.2 5.81
635 | 214 | 157 73.4 b ke Y
AINi (60%Ni) 8.31 15.0 120 8.01
MgO-3.5A1203 6.31 2.16 158 73.4
CuAuZn2 18.9 17.8 52.9 2.98
6.36 2.18 157 72.0
InT1 (30.16at%T1) 118 22.5 8.47 0.38
FeCr (19.43at%Cr) 8.97 2.15 111 51.9
NiCr,0, 173 | 231 | 578 2.50
MgO~2.61AlZO3 6.35 2.17 157 72.5 oy Tl
nTl1 (27at%TI,
CuAu (80at%Au) 24.09 | 2.18 41.5 19.0 290 K) [11] 119 24.0 8.40 0.35
Gey Sl 1.7 | 221 | 855 3838 InTl (27at%T1) 119 | 258 | 840 0.33
CeSn, 232 | 2.23 | 431 19.3 FePd (28at%Pd) 125 | 267 | 800 2.99
291 | 226 | 344 1.52 InT1(28.13at%T1) 120 | 286 | 833 0.29
CyoHyg 21 | 347 | 476 137 InTl (25at%TI) 126 | 345 | 7.94 0.23
226 2.70 4.42 1.64 o
InTl (27at%T], 110 | 909 | 9.09 0.10
ZnSe 249 | 232 | 402 17.3 200 K) [11]
AgSn PG 18.9 2.36 52.9 224 9
Bl 1y 7 InTl (27at%Tl, 105 | 1905 | 9.52 0.005
St(NO), 631 | 238 | 158 6.65 125 K) [11]
PdRh (20at%Rh) 11.08 2.40 90.3 37.6
Zn$ 22.5 | 241 | 444 18.5 2) ni=1, n=n=0. In this case ¢=0, 6=n/2 and
MgALO, 649 | 242 | 154 63.7 m’ =(-siny,0,cosy), and performed N(0,7/2,y)=0
CdTe 94 | 243 | 202 5.33 3) n :L o =n =0. This is attained at #=0 with
no restrictions on ¢. Then the cross-vector has the
Fe 857 | 245 | 117 47.6 form m’ =(-sin(p+y),cos(¢p+y),0) and performed
AINi (47.5%Ni) 9.44 2.45 106 43.3 N(@) O’ (//) =0.
LaAg 47.8 | 245 | 209 8.55 In three other special cases only one component of the
ZnFeO, 741 | 250 | 135 54.0 unit vector n is zero.
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4) n=0, n,#0, n,#0. This corresponds to ¢=0. Conditions
n-m=0, N(n,m)=0 take the form of the system of equations
—m, sin @ +m, cos@ =0, m?sin’ @ +m: cos’§=0, which has
only the trivial solution m,=m_ =0, and y=n/2 u m =-1. The
condition N(0,0,7/2)=0 is satisfied.
5) n,=0, n,#0, n,# 0. This is true at ¢=7/2. Similarly to the
previous case the two components m,, m, of the vector m are
zero, so that y=n/2 and m =-1. The condition N(7/2,0,7/2)=0
is satisfied.
6) n,=0, n,#0, n,# 0 is possible at 6=7/2. Similarly to the
previous case m =m,=0, y=0 and m,=1. The condition
N(¢,7/2,0)=0 is satisfied.

Finally, in the case
7) n,#0, n,#0, n,#0 the absence of nontrivial result for vector
m follows from the condition N(n,m)=0. Thus at this most
general orientation n the extreme 5,4 of the shear modulus
is not achieved.

4. Extreme directions for which the shear
modulus is (25, —2s,,)"
This value of the shear modulus is achieved under the
condition N(n,m)=1. We turn again to discuss the sequence
of individual cases, as in the previous section.
In three cases, with one nonzero component of the vector
n
1) n/ =1, n,=n,=0 corresponds to ¢=6=m/2. At the
same time N(7/2,7/2,y) becomes zero and thus extreme
(25, —2s,, )71 is impossible.
2) n; =1, n =ny=0 corresponds to ¢=0, O=7/2, that also
leads to the Vamshlng of the function N(0,7/2,y) and ex-
treme (2s,,~2s,,) " is impossible.
3) n; =1, n,=n,=0 corresponds to =0 without restric-
tions on ¢. This is sufficient for the vanishing of the function
N(9,0,y), thus extreme (2s,, —2512)_1 is impossible.
In special cases, when only one component of the vector
n vanishes
4) n=0, n,#0, n,#0 corresponds to ¢=0. At the same time
expression of the vectors n, m become a simplified form
n’ =(0,—sin#,cos @), m’ =(—siny,cosdcosy,sinfcosy) .
We will have N(0,8,y) =sin’ 20 cos’ y =1. The last equality
can be satisfied only if cos’y =1 and sin*20=1, and,
therefore, if y=0,7; 0=m/4,37/4. As a result:
N(0,7/4,0)=N(0,37/4,0)=N(0,7/4,71)=N(0,37/4,7)=1.
5) n,=0, n =0, n#0 corresponds to ¢=n/2. Similarly
to the previous case, we obtain n’ =(sin®,0,cos8),
m’ = (—siny,cos@cosy,sinfcosy) and find exactly the
same equation N(z/2,0,y)=sin’20cos’ y =1. It gives the
same solutions y=0,7; 0=n/4,37/4. As a result:
N(n/2,7/4,0)=N(7/2,37/4,0)=N(7/2,7t/4,m)=N(7/2,37/4,7)=1.
6) n,=0, n #0, n#0 corresponds to 0=mn/2. Here we find
n’ = (sm(p,—COS(p,O) m’ = (—cospsiny,—sin@siny,cosy)
and N(@,7/2,y)=sin 2;0005 w=1. The last equation
gives the solutions ¢=0,m/2; y=0,m. As a result:
N(0,7/2,0)=N(0,7/2,m)=N(n/2,7/2,7)= =N(71/2,7/2,0)=1.
In the more general case
7) n,#0, n,#0, n,#0, because the function N(n,m)= can be
written as
N(n,m)=1-{(n,m +n,m )+(n m+nm )+(nm+nm),
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the condition of extremality N(n,m)=1 is reduced to a system
of three linear equations for m , m_, m,

nm+n,m =0, nm+nm =0, nm+nm=0.
In this case the determinant of this system does not vanish
and is equal to D=-2n n,n . Consequently, the system has not
solutions for m, m,, m..

5. Summary

Thus, the value of the shear modulus s, is maximum in
the case P>1 and minimum in case 0<P<1. This extreme is
reached in the following sets of Euler’s angles (¢,0,y):

at an arbitrary angle ¢, 0 = /2 and y= 0,

at an arbitrary angle 0, y = 7/2 and ¢ =0, /2,

at an arbitrary angle y, 0 = n/2 and ¢ =0, /2,

at two arbitrary angles ¢, y and 0 =0.

At P>1 value of the shear modulus (2s,, — 2S12) is
minimal, and at 0<P<1 it becomes maximal. This value is
reached in the following sets of Euler’s angles (¢,0,y):
(0,7/4,0), (0,37/4,0), (0,7/4,7m), (0,3n/4,7), (7/2,7/4,0),
(71/2,311/4,0), (7/2,7/4,7), (7/2,3n/4,7), (0,7/2,0), (0,7/2,7),
(1/2,7/2,0), (7/2,7/2,7).
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