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Polycrystalline metals have flow stress two to three orders of magnitude lower than the theoretical shear strength estimated by 
Frenkel model. This significant strength difference is primarily due to the presence of defects, such as dislocations and grain 
boundaries. However, it was experimentally found that defect-free nanoscale objects (whiskers, nanopillars, etc.) can exhibit 
strength close to the theoretical limit. With the development of nanotechnology, interest in the study of the theoretical strength 
of metals and alloys has grown significantly. It is important to find reliable criteria of lattice instability when homogeneous 
nucleation of defects begins during deformation of an ideal crystal lattice. Note that the Frenkel estimation does not take 
into account thermal vibrations of atoms and attempts are being made to take into account the effect of temperature on the 
theoretical strength of defect-free crystals. In this paper, using molecular dynamics simulation, we study shear deformation 
in the direction of ( )[ ]111 112  for single crystals of copper and aluminum in the temperature range from 0 to 400 K. Lattice 
instability was evaluated using two criteria: (i) macroscopic criterion, which is related to the loss of positive definiteness of 
the stiffness tensor, and (ii) a microscopic criterion related to the formation of a stacking fault, which leads to a drop of the 
applied shear stress. It was demonstrated that both criteria are consistent at low temperatures, but the macroscopic criterion 
is less reliable at higher temperatures.
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Металлы в  поликристаллической форме обладают напряжением течения на  два-три порядка ниже теорети- 
ческого предела прочности, оцененного Френкелем. Столь значительное снижение прочности обусловлено 
наличием в  металлах дефектов кристаллической структуры, прежде всего, дислокаций и  границ зерен. 
Экспериментально установлено, что  бездефектные наноразмерные объекты (нановолокна, наностолбики и  др.)  
показывают прочность близкую к  теоретическому пределу. С  развитием нанотехнологий интерес к  изучению 
теоретической прочности металлов и сплавов значительно вырос. Важным является вопрос критерия достижения 
теоретического предела прочности при  гомогенном зарождении дефектов в  ходе деформирования идеальной 
кристаллической решетки. Отметим, что оценка Френкеля не учитывает тепловых колебаний атомов, и в настоящее 
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время предпринимаются попытки учета влияния температуры на  теоретическую прочность бездефектных 
кристаллов. В данной работе, с помощью метода молекулярной динамики, изучается деформация сдвига в направлении 
( )[ ]111 112 монокристаллов меди и  алюминия в  интервале температур от  0 до  400  K.  Сравниваются два критерия 
неустойчивости упругого деформирования: (i) макроскопический, отслеживающий положительную опреде- 
ленность тензора жесткости, и (ii) микроскопический критерий, отслеживающий образование дефекта упаковки, 
которое  приводит к  резкому падению напряжения сдвига. Продемонстрировано, что  оба критерия согласуются 
при низкой температуре, но макроскопический критерий является менее надежным при высоких температурах.
Ключевые слова: теоретическая прочность, критерий устойчивости, медь, алюминий.

1. Introduction

It is well known that the crystal lattice defects, especially 
dislocations and grain boundaries, are responsible for a 
striking difference (several orders of magnitude) between 
the theoretical strength of crystals, estimated by Frenkel, and 
the strength of real construction and functional materials. 
However, the strength of whiskers measured in the 1950s 
turned out to nearly reach the theoretical Frenkel limit [1]. 
Also, experiments on nano-wire bending and nano-pillar 
compression demonstrated their extreme strength when the 
dislocations in the sample were absent, scarce or immobile. 
For example, the yield strength of a gold nanowire with 
a diameter of 40  nm was estimated to be 5.6  GPa [2], 
the Frenkel theoretical strength being 4.1– 6.1  GPa. The 
critical shear stress of aluminum was estimated in nano-
indentation experiments equal to 2.3 GPa [3], which is close 
to the theoretical strength of 2.84 GPa [4]. Experiments on 
uniaxial compression of nanoscale samples showed that the 
yield strength increases with the decrease of its diameter 
according to the power law σy~d−ξ in the case of presence 
of dislocations [5 – 9], while in their absence the material 
yield strength does not depend on the sample diameter and 
is close to the theoretical limit [10 –13].

It is known that certain optical, electromagnetic or 
acoustic properties of a crystal continuously change with 
the increase of applied elastic deformation. Since a larger 
elastic deformation can be applied to the nanoscale crystals 
compared to the conventional materials, the available room 
for the property tuning is expanded as well.

In practice, it is necessary to understand the limits of 
mechanical stability of nanocrystals subjected to elastic 
deformation. As experimental investigation is very labour- 
and time-consuming, an alternative is to perform computer 
simulations using various approaches, such ab initio or 
molecular dynamics. In the first works dedicated to this 
problem, the main goal was to determine the theoretical 
strength [14]. Nowadays, the research is focused on the 
failure of nanocrystals at applied stress below the theoretical 
limit, the possible reasons being the effect of twins and grain 
boundaries [15,16] or the sample crystallographic orientation 
with respect to the loading direction [17 – 20]. The effect 
of compression and tension on the theoretical strength of 
covalent crystals was also studied [21– 23].

The effect of temperature on the theoretical strength of 
aluminium (Al) and copper (Cu) crystals was studied with 
the help of molecular dynamics (MD) [24], demonstrating 
a linear decrease in the critical shear stress with temperature. 
The moment of the crystal lattice stability loss under applied 
shear deformation was determined by a sudden structure 

transformation, corresponding to the stacking fault formation, 
which is also reflected in the stress-strain curve as a stress drop.

The present paper explores another, macroscopic, criterion 
of mechanical stability of lattice subjected to deformation, 
which is based on the positive definiteness of the stiffness 
tensor and was successfully tested for silicon [25], where a 
good match with the results of ab initio calculations at 0 K 
was demonstrated. Here the applicability of this criterion is 
tested at elevated temperatures up to 400 K.

2. Description of the computational 
model and stability criteria

The Cu and Al single crystals were studied here as the most 
characteristic representatives of fcc metals with low and high 
stacking fault energy, respectively.

Our MD calculations were performed with the interatomic 
potentials based on the embedded-atom method (EAM), 
commonly used in MD simulations of metallic crystals. 
In particular, the potential by Mishin et al. was applied in 
calculations of Cu [26], and the potential by Zope and Mishin 
[27] was chosen for Al, according to the comparative study [28].

The computational cell initially had a rectangular shape 
in which the crystallographic directions [ ]112 , [ ]110 , and 
[ ]111 , were oriented along x, y, and z axes, respectively. 
The computational cell size effect was studied and the cell 
containing 1296  atoms was adopted in simulations, since 
further increase of the cell did not affect the results  [29]. 
Periodic boundary conditions were imposed in three 
perpendicular directions. The simulations were performed 
with the use of MDSPASS MD package developed in the 
University of Tokyo.

Simple shear τxz was applied in the direction of the easiest 
slip ( )[ ]111 112 with a constant rate of 50 MPa / ps. The time 
step in the MD simulations was set equal to 1  fs, which is 
much smaller than the typical period of atomic thermal 
oscillations. Prior to application of the shear stress the lattice 
relaxation during the first 10 ps was performed at every given 
temperature. The stress was controlled using the Parinello-
Raman method [30].

Hooke’s law for small strain, � �ij ijkl klC�  establishes the 
linear relationship between the tensors of stress σij  and strain 
γkl  via the elastic constant tensor Cijkl . Not all components of 
these tensors are independent due to the tensor’s symmetry. 
Thus, Hooke's law can be rewritten in a clearer form using the 
Voigt notation, reducing the rank of tensors.

           � �w wv vC�    (1)

where � �v kl�  for normal strain components (v =1, 2, 3) and 
� �v kl� 2 for shear strain components (v =4, 5, 6).
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However, linear relationship (1) holds only for small 
elastic strains, whereas at larger elastic strains the tensor C 
should be substituted with the tensor of stiffness B, whose 
components are not constant [25]

           Bwv
w

v

�
�
�
�
�

    (2)

where v and w are integers from 1 to 6.
Let us describe the numerical procedure for calculation of 

matrix B during MD simulation. In the course of MD run, the 
components of stiffness tensor were calculated every 100 fs by 
applying a small extra strain component � � �v v v

� � �� � � �10 4  
and tracking the consequent variation of stress tensor 
components �w

�  and �w
� . Then, the derivative in Eq. (2) was 

estimated as 
  Bwv

w

v

w w

v

�
�
�

�
�� ��

�
� �

�2 .  (3)

The following two criteria of the mechanical 
stability of a lattice are compared in the present work: 
(i) macroscopic one, which is defined as the positive 
definiteness of the stiffness tensor B [25], and (ii) microscopic 
criterion, corresponding to a violation of atomic order in 
the crystal due to a stacking fault formation, which can be 
identified on a macroscopic scale via sudden drop of the 
applied shear stress. To detect the positive definiteness 
of matrix B, Sylvester’s criterion was used: if all of the 
leading principal minors are positive then the structure 
is mechanically stable. A leading principal minor is the 
determinant of a smaller matrix, located in the upper-left 
corner of the matrix in question. The six leading minors 
calculated from the 1×1, 2 × 2, …, 6 × 6 corner matrices of the 
6 × 6 matrix B, are denoted as M1, M2, …, M6, correspondingly. 
Note that M1= B11, M2 = B11B22 − B12B21, and so on.

3. Results and discussion

Fig.  1 shows the crystal structure in projection on xz 
plane  before deformation (a); during elastic deformation 
before the stability loss (b); and after the stability loss with 
a stacking fault formation and sudden drop of the shear  
stress (c). Open and filled circles show atoms belonging to 
different atomic planes parallel to the image plane (xz plane).

A series of simulations in the temperature range from 0 
up to 400 K for both Al and Cu was performed. It is important 
to know which leading minors reach zero first with the 
increase of strain, indicating that the Sylvester’s criterion is 

not satisfied. All the leading minors of matrix B are plotted in 
Fig. 2 for the minimal and the maximal studied temperatures, 
i. e., for 0 K (left panels) and 400 K (right panels). The top 
(bottom) panels give the results for Al (Cu). Lines of different 
colour are used for M1,…,M6, according with the legend. Not 
only do the absolute values of leading minors M1,…,M6 differ 
by orders of magnitude, but they are expressed in different 
units, powers of GPa. That is why in Fig. 2, the leading minors 
are normalized to their values at zero strain. The curves are 
cut at the points of the stress drop (critical points according to 
the microscopic criterion), which is related to the formation 
of a stacking fault in the deformed crystal.

From Fig. 2 one can see that the normalized values of M5 
and M6 decrease faster compared to other leading minors 
in all four panels thus determining the violation of the 
Sylvester’s criterion. For this reason, in the rest of this paper, 
we rely on these two leading minors in identification of the 
lattice stability. 

Next, in Fig.  3 by dashed lines we show the evolution 
of M5 (top panels) and M6 (bottom panels) with increasing 
shear strain for temperatures T = 0, 100, 200, 300, and 400 K 
and for Al (left panels) and Cu (right panels). In addition, 
the evolution of shear stress with increasing shear strain is 
shown by the solid lines, in order to compare the two criteria 
of lattice stability. Note that for Al at 0 K the stress drop is 
observed at the value of shear strain when both M5 and M6 
vanish which means that the macroscopic Sylvester’s criterion 
and the microscopic criterion agree very well in this case. The 
same can be said about Cu at 0 K, since the drop of the shear 
stress takes place when M5 and M6 decrease to nearly zero 
positive values. As temperature increases, the final values 
of the leading minors become positive; so the stacking fault 
is formed before the violation of the Sylvester’s criterion. It 
can be explained by the thermally-assisted formation of 
the stacking fault, so that the complete macroscopic loss of 
lattice stability is not required; a local fluctuation of atomic 
arrangement can accidentally trigger the stacking fault 
formation.

The curves for Cu and Al in Fig.  3 behave differently: 
the values of both considered minors for Cu show much less 
sensitivity to temperature variation than for Al. At the same 
time, the critical stress and strain decrease with increase 
in temperature. With the temperature increasing from 0 to 
400 K, the decrease in the critical shear stress for Al and Cu is 
36 % and 29 %, respectively.

              a                              b                 c
Fig. 1. Crystal structure projected on xz plane before the application of shear strain (a); during elastic shear deformation, before the loss of 
lattice stability (b); after the loss of lattice stability with the stacking fault formation (c). Crystallographic directions [ ]112 , [ ]110 , and [ ]111 ,  
are oriented along x, y, and z axes, respectively. Atoms belonging to different atomic planes parallel to the xz plane are shown by open and 
filled circles.
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Fig. 2. (Color online) The evolution of the leading principal minors of matrix B under applied shear strain for Al (upper panels) and Cu 
(bottom panels) at the minimal (left columns) and the maximal (right columns) tested temperatures. The values of Bi and normalized to 
their values at zero strain. The curves are coloured according to the legend.

Fig. 3. (Color online) The evolution of M5 (top panels) and M6 (bottom panels) is shown by the dashed lines, while the evolution shear stress 
with solid lines. Results for temperatures T =  0, 100, 200, 300, and 400 K are presented for Al (left panels) and for Cu (right panels).
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4. Conclusion

In frame of the molecular dynamics method, the 
microscopic and macroscopic criteria of lattice stability 
are compared for two defect-free fcc metals (Al and Cu) 
subjected to shear deformation at different temperatures. 
The positive definiteness of the stiffness matrix is confirmed 
to be a macroscopic criterion for the lattice stability at 0 K. 
At elevated temperatures the thermally assisted nucleation 
of lattice defects leads to an early loss of lattice stability, 
while the stiffness matrix is still positively definite. It is also 
shown that, as expected, the increase of temperature leads 
to a decrease of critical stress and critical strain for the two 
studied metals.
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