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Variability of elastic properties of chiral monoclinic tubes
under extension and torsion
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Based on the known solutions of the problems of extension and torsion of cylindrically anisotropic chiral tubes, the
analysis of variability of the Young’s modulus, Poissons ratios and torsional stiffness of monoclinic crystalline tubes
was carried out using known experimental values of the compliance coefficients of the crystals. The extreme values
of Young’s modulus and torsional stiffness were determined and their variability was studied. It was shown that
chirality had a significant effect on the values of the elastic characteristics of tubes made from monoclinic crystals.
Thin-walled tubes (the ratio of the external and internal radii of about one), which had a negative Poisson’s ratio, were
identified. The largest negative values of Poisson’s ratio among all the analysed tubes were achieved for tubes from LaNbO, and
CsH,PO, crystals. Due to the change in the ratio of the radii and the chirality, the Young’s modulus and the torsional stiffness
of such tubes were changed in several times, and their Poisson’s ratios could change by several units. Angular Poisson’s ratio
could reach the value of -6.5 on the inner surface of a tube from CsH, PO, crystal. The LaNbO, and CsH,PO, crystals also
had large negative values of Poisson’s ratios in the case of rectilinear anisotropy, which were significantly different from the
Poisson’s ratio for isotropic materials.
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VI3MeH4YMBOCTD yIPYIUX XapaKTePUCTUK MOHOKIVHHBIX
XMPANTbHBIX TPYOOK MPU paCTsLKEHUU U KPYyYeHUN

Bonkos M. A.", Toponos B. A., JInucosenxo [I. C.

NuctutyT npobnem mexannku um. A.10. Mnvmmnckoro PAH, np. Bepragickoro, 101/1, Mocksa, 119526, Poccust

Ha ocHOBe M3BeCTHBIX pellleHMil 3ajjlad PacTKeHUA U KPydeHMA IVIMHAPMIECKM-aHM30TPOIHBIX XMPANTbHBIX TPYOOK
NpoBelleH aHamM3 M3MeHunmBocTH Mopyna IOwnra, kosddmimentos IlyaccoHa ¥ KpPYTWIBHONM >KeCTKOCTH TPyOOK
U3 MOHOKIVMHHBIX KPMCTA/IOB C WCHONMb30BaHMEM W3BECTHBIX OSKCIIEPVMEHTA/NbHBIX 3HaYeHMiI K03 UIMeHToB
HOJIATIMBOCTY  KpucCTajioB. OIpefenieHbl 9KCTpeMasibHble 3HaueHus Mopynsa IOHra m KpPyTMIBHOM YKeCTKOCTHU
U M3y4eHa UX M3MEHYMBOCTb. II0Ka3aHO, YTO XMPa/NTbHOCTb OKA3bIBAET CYLIECTBEHHOE BIMAHUE HA BEMMYMHBI YHIPYTUX
XapaKTEePUCTHK TPYOOK 113 MOHOK/IMHHBIX KPVCTA/IIOB. BHLAB/IEHBI TOHKOCTEHHBIE TPYOKM (OTHOIIIEHNE BHEIITHETO Pajinyca
K BHYTpeHHeMY ONM3KO K eVHMUIle) C OTpHUIlaTeNbHBIM Koadduiuentom Ilyaccona. Cpenn BcexX mpoaHanM3MpOBaHHBIX
Tpy6oK oTpuraTtenbHble KoapduimenTs IlyaccoHa HambonbIueil BeTMIMHBI JOCTUTAIOTCA § TPYOOK M3 KPUCTAIIOB
LaNbO, n CsH,PO,. 3a cyeT nsMeHeHNA OTHOIMIEHNS PAJMyCOB M XMPATbHOCTH MOAY/nb IOHTa 1 KpyTuUnbHaA KeCTKOCTh
TaKMX TPYOOK M3MeHAETCSA B HECKONMbKO pas, a ux koaddumment IlyaccoHa MoXkeT M3MEHATHCA Ha HECKOTBKO eIVHMII.
Ha suyTpenneii mopepxnoctu Tpy6xu us kpucranma CsH PO, yrnosoit xoadduument Ilyaccona moxer gocrurars —6.5.
Kpucranmsr LaNbO, u CsH PO, npy npAMonuHeiiHOlM aHU30TPONIMM TaKKe MMeIOT OGONbllne OTPUITATeNbHbIE 3HAYEHN
koadpuimenTa [TyaccoHa, 3HAYNTETBHO OTIMYAOIIVEC OT kKoaddunmenTa [TyaccoHa M30TPONMHBIX MaTepHaoB.

KnroueBbie cmoBa: AYKCETUKM, XNPAa/IbHOCTD, HaHOpr6KI/I, MOHOKJ/IMHHbBIE KPUCTAJI/IbI, KOS(b(bI/IIH/IeHT HyaCCOHa.
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1. Introduction

Recently, more and more attention has been paid to the study
of the properties of materials with anomalous mechanical
behaviour. These include materials with a negative Poisson’s
ratio (auxetics). For the first time the existence of such
materials was reported in the monograph by Love [1], where
it was stated that iron pyrite (FeS,) has a Poisson’s ratio of
-0.14. There are two most discussed types of materials
with a negative Poisson’s ratio: metamaterials [2-4] and
crystals [5-9]. Analysis of the known experimental data on
the elastic coefficients of crystals [10] showed that auxetic
behaviour takes place in crystals of all crystalline systems.
Poisson’s ratio has negative values for tubes from different
crystals. Estimates of the Poisson’s ratios of cylindrically
anisotropic nanotubes from cubic crystals show that Poisson’s
ratios can take negative values in almost all tubes of known
cubic crystals [11]. A similar analysis was also performed
for chiral tubes from hexagonal [12], rhombohedral [12],
tetragonal [13], and orthorhombic [14] crystals. The
analysis showed that the number of cylindrically
anisotropic tubes with negative Poisson’s ratio exceeded
the number of auxetic crystals, and the absolute value of
the Poisson’s ratio of some tubes was also larger. Later in
this letter we discuss the variability of the Poisson’s ratio
of tubes made from monoclinic crystals, some of which
have a significant negative Poissons ratio in the case
of rectilinear anisotropy [7,8,15].

2. Radial non-uniform extension and
torsion of chiral monoclinic tubes

Tubes can be obtained by rolling-up thin crystalline plates.
This is demonstrated in [16,17] for many various crystals.
The directions of the crystallographic axes in the plate may
differ from the directions of its faces by an angle o (Fig. 1).
The tube obtained by rolling-up such a plate is chiral.
The cylindrically anisotropic hollow rod model was used to
describe the mechanical behaviour of the tube. It is assumed
that there is a local correspondence between the bases of the
cylindrical and crystallographic coordinate systems 1'-z,
2'=> —@, 3'>r. The surfaces of the tube are free from stress.
The integral torque M, and the tensile load P_ are set at the
ends of the tube. We assume that the solution of problems
of tube deformations does not depend on the angular and
longitudinal coordinates. Then the radially inhomogeneous
solutions of the problems of extension and torsion of chiral
monoclinic tubes completely coincide with the solutions of
such problems for chiral tubes from orthorhombic crystals,
obtained earlierin [14]. Using these solutions, the dependences
of Young’s modulus E, radial Poisson’s ratio v and angular
Poisson’s ratio v _, characterizing the tube deformations in
the radial and angular directions, respectively, and torsional
stiffness C for chiral monoclinic tubes, were determined.
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Here 5,1 are the compliance coefficients in the coordinate
system rotated by the chiral angle a; p is the thickness
parameter equal to the ratio of the outer radius of the tube
R, to the inner r, (p=R /7,); toay A, \_are coefficients
depending on the compliance coefficients [14]; T, A, Q , Q_
are coeflicients depending on the thickness parameter and
the compliance coefficients [14]; r is the radial coordinate.
Expressions (1)—(4) are functions of the chiral angle a with
period .

The analysis of the variability of expressions (1)—(4) for
70 tubes was carried out using the values of the compliance

Fig. 1. Rolling-up the crystalline plate to the tube.
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coefficients from the handbook [10]. It was found that
Young’s moduli of 35 tubes varied by more than 2 times
at1.01<p<l0and0<a<m/2.MostofthemhaveE__<20GPa.
Table 1 summarizes the extreme values of the Young’s modulus
(E_ and E_, ) of the tubes with the highest E_ /E__ratios.
Forall tubes, the minimum values are achieved at p=1.01,and
the maximum values at p=10. The Young’s modulus varies
greatly for tubes from LaNbO,, CsH,PO, and SiO, (coesite).
The Youngs modulus of the first and the second tubes
increases by 25 (Fig. 2a) and 6.93 (Fig. 2b) times in the
selected range, respectively. The coesite (SiO,) tube (Fig. 2 ¢)
has the greatest variability of the Young’s modulus in values:
E_, =88 GPa, E_ =202 GPa.

Many monoclinic crystal tubes are auxetic. Radial
Poisson’s ratio v_ has negative values for 40 of 70 tubes
and the angular one v __ for 30 tubes of 70. Thin-walled
(p—1<<1) auxetic tubes are listed in Tables 2 and 3 for the
cases a=0 and a=m/2, respectively. Among non-chiral
tubes (a=0) there are two tubes, each of which has either
v, orv_less than zero. For a= /2, v _is negative for four
tubes, and v __ for two tubes. Tables 2 and 3 also show the
critical values of the thickness parameter, for which the
Poisson’s ratio equals zero. Among the chiral monoclinic
tubes, tubes from LaNbO, and CsH,PO, crystals have
the greatest variability of Poisson’s ratios (Fig. 3).
Both tubes are characterized by relatively small variability of
v_and V,.on the outer surface (Fig. 3b, d), while their values
on the inner surface can vary by several units (Fig. 3a,c).
On the outer surface at p=1.01 both Poisson’s ratios of the
CsH,PO, tube vary greatly with the chiral angle: v_ from
-1.31t01.72,and v _from —1.79 to 2.11, which significantly
exceeds the limit of —1<v<0.5. The values of the radial and

Table 1. Extreme values of the Young’s modulus of some chiral tubes
from monoclinic crystals when 1.01<p<10 and 0<a<m/2.

angular Poisson’s ratios vary from 1.14 to 2.12 and from
-1.12 to —0.26, respectively, for the thin-walled LaNbO,
tube. Both Poisson’s ratios vary significantly with the
thickness parameter and chiral angle on the inner surface
of the tube. The radial Poisson’s ratio of the thick-walled
(p=10) tube from CsH,PO, on the inner surface varies from
—6.52 to 1.43, and the angular Poisson’s ratio from 3.02 to
10.2. For the thick-walled LaNbO, tube the values of v_or
v, vary from 3.33 to 7.89 and —5.76 to 3.20, respectively.
A tube in which both Poisson’s ratios have negative values
has not been detected.

Tubes with large variability of relative torsional stiffness
C/C, (ratio of torsional stiffness to torsional stiffness at
zero chirality angle) were determined. More than twice
C/C, varies for 14 tubes. Extreme values of the relative
torsional stiffness of some chiral monoclinic tubes are
presented in Table 4 for the range 1.01<p<10and 0<a<m/2.
Fig. 4 shows the C/C, dependences for tubes made of
C,H,, (Fig. 4a), CH NO, (Fig. 4b) and Na$§ O,-5H,0
crystals (Fig. 4c). The first two tubes illustrate the
typical behaviour of the relative torsional stiffness of

Table 2. Thin-walled auxetic tubes from monoclinic crystals when
a=0. Auxetic tubes p<2.

Tube ve | v Po ALV, P, ALY,
p-1<<1 r=r, | r=R | r=r, | r=R;

C,H, -0.07 | 0.65 - 1.71 - -

CsD(SeO,) | -0.15 | 0.82 - 1.67 - -

CsH_ PO, 0.64 | 0.25 - - 1.50 -
B-F H,F, 1.01 | -0.14 - - - 1.29
LaNbO, 1.42 | -0.26 - - - 1.41

Table 3. Thin-walled auxetic tubes from monoclinic crystals when
a=m/2. Auxetic tubes p <2.

Tube E_ ,GPa E ., GPa Tube v, | V., p,atv, patv
NaAlSi,O, 55.7 112 p-l<<1 r=r, | r=R | r=r, | r=R|
CsD(SeO,) 7.14 18.0 A-TCNB -0.25 | 0.38 - - - -

CsH,PO, 0.55 14.4 CsHPO, |-135| 214 | - | 788 | - -
SiO, (coesite) 88.5 202 Feldspar:
Durene 2.84 15.1 Plagioclase, | —0.07 | 0.31 - - - -
(Ba,K)ALSi O, 20 139 9 (Albite)
LaNbO, 15.0 104 B-FHF | 084 | 034] - = - | 214
KHCO, 7.19 38.0 LaNbO, 2.10 | -1.16 - - - 3.22
Na,S,0,-5H,0 5.95 209 K,Co(CN), | —0.05 | 0.14 | - - - -

Fig. 2. Young’s modulus of tubes from crystals LaNbO, (a), CsH,PO, (b) and SiO, (coesite) (c).
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Fig. 4. The relative torsional stiffness of tubes from crystals C H, (a), C

Table 4. Extreme values of the relative torsional stiffness of some
tubes from monoclinic crystal when 1.01<p<10 and 0<a<m/2.

Tube CIC,... ClC, e

A-TCNB 1 3.28
C,H, 0.27 1
CsH,PO, 0.05 1
Durene 0.11 1

CH, N,O, 1 2.53
LaNbO, 0.39 1
(COOH),-2H,0 0.33 1

KHCO, 1 5.12

chiral monoclinic tubes: the C/C, ratio monotonously
increases (decreases) until an extremum is reached when
a is close to m/4 at small values of the thickness parameter.
For most tubes, it persists with increasing thickness.
One of the exceptions is a tube from Na$ O,-5H,0
crystal (Fig. 4c). The relative torsional stiffness of this
tube decreases with p<2.5 as the angle of chirality
changes from 0 to m/4 and increases with p>3.5.
At 2.5<p<3.5, this tube has two C/C_ extrema.

H N,O, (b) and Na,S,0,-5H,0 (c).

6714 276

3. Conclusion

The analysis of variability of the Young’s modulus, Poisson’s
ratios and relative torsional stiffness was carried out on
the basis of experimental values of elastic coeflicients from
the handbook [10] with use of solutions of problems of
torsion and extension of cylindrically anisotropic tubes.
It is shown that such parameters as the chiral angle and the
relative thickness of the tube walls can have a significant
effect on the values of the Youngs modulus, Poisson’s
ratio and torsional stiffness. In particular, due to a change
in the chiral angle, the Youngs modulus and the relative
torsional stiffness of the tube can vary by more than two
times. Poisson’s ratios of chiral monoclinic tubes also have
significant variability and can vary by several units in some
cases. A number of auxetic thin-walled tubes have been
identified, the majority of them have a negative angular
Poisson’s ratio of a significant value. Tubes from CsH,PO,
and LaNbO, crystals are distinguished by large variability of
the Young’s modulus, Poisson’s ratios and relative torsional
stiffness. A tube from NaSO,-5H,0 has nontypical
behaviour in relative torsional stiffness.
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