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In strained monoatomic chains with Lennard-Jones interactions, we revealed a stable static non-homogeneous structure 
appearing as a result of a certain phase transition. Positions of individual particles in this structure form an exact arithmetic 
progression whose difference depends on the value of the strain. For N-particle chain, this structure is characterized by one 
long and N − 1 short interatomic distances (bonds). In the vicinity of the static structure, we found discrete breathers of new 
type which essentially differ from the traditional breathers in the form of Sievers-Takeno and Page modes. It is well known that 
these modes possess some staggered structures and demonstrate exponential decay of the particle amplitudes from the core 
to their tails. In contrast to such properties, our breathers are characterised by smooth decay and amplitudes of the particles 
form approximately a decreasing arithmetic progression. Core of these breathers is located on two particles with long bond in 
static structure. Our breathers demonstrate soft type of nonlinearity (the frequency decreases with increasing of amplitudes) 
and they are stable dynamical objects for amplitudes at least up to 30 % of interparticle distance of the strained equidistant 
chain. For infinitely small amplitudes these breathers tend to the above described static non-homogeneous structure. We 
studied dependence of their properties on amplitude, strain and the number of particles in the chain. There exist a reason to 
suppose that the above static and dynamical structures can exist in real monoatomic chains consisting of carbon, boron, and 
other atoms.
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1. Introduction

The study of discrete breathers (DB) in systems of 
different dimensions, structure and various physical 
nature is an actual problem of modern condensed matter 
physics (see the review papers by Aubry [1], Flach and 
Gorbach [2], Dmitriev [3]), since these dynamical objects 
can significantly affect the physical properties of the 
corresponding materials. The review paper by Flach and 
Gorbach [4] is devoted to the consideration of discrete 
breathers in the form of Sievers-Takeno (symmetric 
DB [5]) and Page modes (antisymmetric DB [6]) in the 
monoatomic chains without on-site potential.

We study discrete breathers in strained monoatomic 
chains. Let us note that physical properties of strained 
carbon chains were recently published in [7 – 11]. In 
the present work, discrete breathers different from 
Sievers-Takeno and Page modes were found in the 
strained monoatomic chain with the Lennard-Jones 
potential. Such type of discrete breathers can exist in the 
monoatomic chains with other interparticle interactions. 
Their comparison with “traditional” discrete breathers is 
discussed in Conclusion.

2. Mathematical model

We consider equidistant monoatomic chains whose 
interparticle interaction is described by the Lennard-Jones 
(L-J) potential, which can be written after the appropriate 
scaling of variables in the form
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In this case, the interaction is considered only between 
nearest neighbours and periodic boundary conditions are 
assumed.

Then interaction force between two particles at a distance 
r from each other is determined by the formula:
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The equilibrium distance between these particles a0, 
determined from the condition that their interaction force is 
zero, is a0 = 6 2  ≈ 1.12246. This is the equilibrium interparticle 
distance in the unstrained L-J chain (η = 0 %). Under the strain 
η ≠ 0 %, the interparticle distance a increases:

a = a0 (1 + η). (3)

We denote by xi (i = 1..N) the longitudinal displacements 
of particles from their equilibrium positions in the equidistant 
structure of the monoatomic chain with an arbitrary 
pair interparticle potential φ(r) and periodic boundary 
conditions (xN + 1 = x1). Then the potential energy of the chain  
U(x1, x2,…, xN) can be written in the form:

U(x1, x2,…, xN) = ∑1
Nφ(xi + 1 − xi ). (4)

The equilibrium state of the chain corresponds to a 
minimum of the potential energy, so that it satisfies the 
condition
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3. Static structure of strained 
Lennard-Jones chains

The equidistant structure is not the only possible static 
structure of the monoatomic chains. Let us consider this 
issue in more detail.

In the absence of the strain, the equidistant structure of 
the chain under consideration takes place: all the interatomic 
distances are the same and equal to a0 = 1.12246. The symmetry 
group of such a chain (the periodic boundary conditions 
are assumed) contains N translations by multiples of the 
period a0 of our one-dimensional lattice and N inversions 
centered at the interatomic distances (symmetry group 
G0 = DN). However, in the presence of a strain, the situation 
can change radically! In papers [12 – 14], Peierls phase 
transition is considered, which is connected with doubling of 
the lattice period. As a result of such a transition, all the odd 
translations disappear and the symmetry group decreases by 
half (we mean the even values of N). It represents one of the 
subgroups of the symmetry group G0.

Here is one corollary of the basic concepts of Landau 
theory of phase transitions: structural transitions in crystals 
are associated with a spontaneous lowering of the symmetry 
under the change of external parameters such as temperature 
or pressure. Let us emphasize that these parameters are scalar 
and, at first glance, their change can not lead to a decrease 
of the crystal symmetry. However, for some values of these 
parameters, the crystal lattice becomes unstable and its 
symmetry decreases spontaneously. In the one-dimensional 
case under consideration, the strain of the chain is analogous 
to applying negative pressure to the crystal. It will be shown 
below, that this strain can lead, at its appropriate values, to 
a phase transition associated with the loss of all translations 
and inversions, except one that passes through the “center” 
of the chain (because of periodic boundary conditions our 
chain can be represented as a ring and such a center can be 
chosen at any site).

However, the static structure of the monoatomic 
chain, that we revealed, can not be explained only by the 
symmetry lowering and seems to be nontrivial. Indeed, the 
set of atomic displacements from its “legal” positions in the 
original equidistant structure form some exact (!) arithmetic 
progression.

Thus, we consider the following static structure of 
particles displacements in the chain with an arbitrary pair 
interaction potential φ(r):

{0, q, 2q, 3q,…,(m−1)q, mq | −mq,−(m−1)q,…,−3q,−2q,−q,0}. (6)

Here 2m + 1 = N is the number of particles in the chain. The 
center of the chain is marked by a vertical dash (the inversion 
passes through it). Thus, the left half of the particles have 
positive displacement values, which form an arithmetic 
progression with difference q, and the right half of the 
particles have exactly the same displacements in magnitude 
but opposite in sign (on the right, at the end of Eq.  (6), a 
particle with zero displacement is added due to periodic 
boundary conditions).

For clarity, in Fig.  1 we show our chain in the form of 
the ring for the case N = 7. The points correspond to the 
equidistant structure, and the displacements of the particles 

corresponding to the structure (6) are represented by arrows.
For the artificially introduced static structure (6) and for 

an arbitrary potential φ(r), it is easy to find the total potential 
energy, noting that there are N − 1 short interatomic bonds 
(a − q) and only one long bond [a + (N − 1)q]. In this way, we 
obtain

U(q) = (N − 1) φ(a − q) + φ[a + (N − 1)q], (7)

where a = a0(1 + η) is the interatomic distance in the 
equidistant structure with η% strain. From the condition of 
minimum of the energy (7), we find an equation, which we 
call hereafter «force equation»:

f(a − q) = f [a + (N − 1)q]. (8)

Here, f(r) is the force corresponding to the pair potential 
φ(r) [for the L-J potential it is given by Eq.  (2)]. Actually 
equation  (8) means the equality of forces acting on the 
maximally displaced particle (in Fig. 1 it has number 4) from 
the left neighbour (short bond) and the right neighbour (long 
bond).

The nonlinear algebraic equation (8) has several real 
roots, which give possible values of the difference q of the 
arithmetic progression. In the case of the L-J potential, these 
roots can be easily found using the mathematical package 
MAPLE [15]. In this paper, we analyze two closest to zero 
roots of this equation by graphical method.

Figs.  2a – 2d show the plots of the left side of the force 
equation (black colour) and the right part (gray colour) 
for N = 7 and the strain range [6 %; 7.5 %]. Obviously, the 
intersection points of these plots give the possible values of 
the arithmetic progression difference q. All these plots have 
one common point q = 0, which corresponds to the trivial 
solution of equidistant chain structure. Fig. 2a and 2b show 
that for the tension of 6 % and 6.5 %, the point q = 0 is the only 
one point of intersection of the left and right parts of the force 
equation (8), although there is a tendency for them to approach 
each other outside the origin. In Fig. 2c, corresponding to a 
tension of 6.7 %, one can see the appearance of the point of 
contact of the plots under consideration. It determines the 
bifurcation of the solution of the force equation, after which 
two new roots of this equation appear, which is clearly seen in 
Fig. 2d. It occurs that the larger root (x1) corresponds to the 
stable non-homogeneous static structure of the chain, while 
the second root (x2) corresponds to its unstable structure.

The roots x1 and x2 are moving apart from each other with 
increasing strain of the chain. In this case, the root x2 moves 
toward the origin and vanishes at 11 % of the strain. This root 
is of no interest to us, since it generates an unstable static 

Fig. 1. Ring diagram of the monoatomic chain with the static 
structure (6) for N = 7 particles.
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structure. On the other hand, the root x1 generates a stable 
non-homogeneous static structure of the L-J chain, in the 
vicinity of which there exist discrete breathers of a new type.

The discussed pictures correspond to the case N = 7. It 
is interesting to consider the behaviour of the root x1 with 
increasing number of particles in the chain (N). The results 
of this study are presented in Table  1 for the case of 10 % 
strain. It is clear from this table that the root x1 increases 
slowly with increasing N and tends to some limit. It is 
interesting that this limit can be found analytically. Indeed, 
let us consider the force equation (8) for N tending to infinity. 
The argument of the force on the right-hand side in this 
equation also tends to infinity. Therefore, this force, with 
an infinite distance between the interacting particles, tends 
to zero. So, from the left side of the force equation we have 
f (a − q) = 0, where a = a0(1 + η) and a0 = 1.12246. However, 
the L-J force in the finite interval of its argument is equal 
to zero only at the minimum potential point, i.e. a + q = a0. 
Then we have a0(1 + η) − q = a0 and, consequently, q = a0η. The 
data in Table 1 are given for the strain η = 10 % and, therefore, 
q = 1.12246 × 0.1 = 0.112246. This value of the difference q of 
the arithmetic progression coincides with the limit value of 
this difference given in Table 1.

The critical value of the strain ηc , at which the non-zero 
root x1 = q appears for the first time, depends on the number 
N of particles of the chain. Table  2 shows the dependence 
ηc(N).

4. Discrete breathers of new type

To construct a discrete breather in the neighbourhood 
of the static structure discussed in the previous section, it 
is necessary to determine its initial profile, which in turn, 
determines the initial conditions for solving Newton’s 
differential equations describing the dynamics of the 
L-J chain. These initial conditions are formed by a set of 
displacements of all particles from their equilibrium positions 
specified by the static structure, under the assumption that 
their initial velocities are zero. The required displacements 
from the static structure (6) will be given in the form of a 
numerical sequence whose terms are proportional to the 
structure (6) itself with some amplitude A. Thus, we take the 
initial profile of the breather in the form:

{(1 + A) kq | k =  0..N}, (9)

where q is the difference of the arithmetic progression that 
determines our static structure. Why in this form? The point 
is that we found accidentally quasi-breathers of the type (9), 
and only after that we began to study the static structure in the 
neighbourhood of which these dynamical objects can exist.

In Figs. 3a – 3e, for the case N = 7 and η = 10 %, the time 
evolution of dynamical objects, determined by the initial 
conditions (9), is presented. They are used for solving 
Newton›s differential equations describing dynamics of our 
chain that depends on their amplitude A.

Table 1. Dependence of the root q1 of the force equation (8) on the 
number N particles in the chain.

N 7 9 11 13 15 17
q1 0.1071 0.1100 0.1100 0.1116 0.1119 0.1120
N 19 21 23 25 27 29
q1 0.1121 0.1121 0.1122 0.1122 0.1122 0.1122

Table 2. Dependence ηc(N).

N 5 7 11 13 15 19
ηc 8.05% 6.71% 5.10% 4.65% 4.20% 3.70%
N 23 27 33 43 53 103
ηc 3.25% 2.89% 2.60% 2.20% 2.00% 1.25%

a                                                                                                                        b

c                                                                                                                        d
Fig. 2. Graphical analysis of the roots of the force equation (8) for N = 7and the strain: η = 6 % (a), η = 6.5 % (b), η = 6.7 % (c), η = 7.5 % (d).
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For A = 0, straight lines are obtained for all particles, 
which correspond to the static structure (6). Let us remember 
that this structure determines the static displacements of 
the particles from their “legal” equilibrium positions in the 
strained L-J chain.

At small but non-zero amplitudes A, almost harmonic 
oscillations take place (Fig. 3a), whereas for large amplitudes, 
the oscillations of the particles become essentially nonlinear. 
Figs. 3b – 3e describe the time evolution of discrete breathers 
at amplitudes A = 0.1, 0.2, 0.3, and 0.4. These amplitudes are 
very significant, if one takes into account that the interparticle 
distance in the equilibrium L-J chain without strain is equal to 
1.12246. However, already at A = 0.5, stability of the discrete 
breather is lost, and Fig. 3f shows the chaotic motion of the 
chain particles.

Figs.  S2a – S2d, included for completeness into 
supplementary materials, show the time evolution of 
quasi-breathers, which were constructed on the basis of 
the static structure  (6) with deviations from it in opposite 
direction as compared to that in Figs. 3c – 3f. In other words,  
we use for constructing these figures the initial profile of the 

form {(1 − A) kq | k = 0..(N − 1)}.
The dynamical objects presented in Figs.  3a – 3e are 

not exact discrete breathers, but only quasi-breathers [16], 
because of the absence of ideal periodicity of oscillations. 
However, it seems that they are close enough to the exact 
breathers. In this paper, we did not aim to refine the 
profiles of the constructed quasi-breathers, as it was done 
in Ref. [17].

Figs.  4 and Fig.  S3 show the quasi-breathers which we 
obtained for a large number of particles in the L-J chain: 
N = 19 (Figs.  4a, 4b) and N = 27 (Figs.  S3a, S3b) when the 
particles deviate up from the static structure with the 
amplitude A = 0.3 and A = 0.4 (colour on-line). The time 
evolution of quasi-breather becomes more and more 
“expressive” with the increase in the number of particles N. 
Moreover, the amplitudes of oscillations of the particles from 
the breather core to its periphery demonstrate approximately 
a decreasing arithmetic progression. Note that in all figures 
we depict displacements only of the half of particles with 
positive values. The other half of particles possesses the same, 
but negative displacements.

a                                                                                                                            b

c                                                                                                                            d

e                                                                                                                            f
Fig. 3. Discrete breathers (quasi-breathers) of different amplitudes A in the L-J chain with N = 7 particles for the strain η = 10 %: A = 0.05 (a), 
A = 0.1 (b), A = 0.2 (c), A = 0.3 (d), A = 0.4 (e), A = 0.5 (f).
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5. Conclusion

What is the difference of our discrete breathers (quasi-
breathers) from traditional breathers in monoatomic chains? 
In the latter dynamical objects, all particles oscillate near 
some static equidistant structure and they simultaneously 
take on zero values. This property is characteristic of 
both Sievers-Takeno and Page modes. Unlike this, in our 
breathers, the particles of the chain pass simultaneously 
through their different equilibrium positions, which form a 
non-equidistant structure, and this structure represents an 
exact arithmetic progression.

The instantaneous positions of the particles in traditional 
breathers form a staggered structure (the signs of the 
displacements of neighbouring particles alternate on passing 
from the core of the breather to its periphery). In our case, 
half of the neighbouring particles of the chain possess 
displacements of the same sign, and the other half possesses 
displacements of the opposite sign.

The traditional discrete breathers demonstrate usually an 
exponential decay of vibration amplitudes from the core of the 
breather to its periphery. Since the equilibrium positions of 
the traditional breather form a discrete equidistant structure, 
this type of decay means that the oscillation amplitudes of 
the particles form some geometric progression. In the case 
of our breathers, they form, as we know, some arithmetical 
progression. Fig.  S3a shows this decay of the oscillation 
amplitudes from the core of the breather to its periphery for 
our breather in the case of N = 19, η = 10 %. In fact, the set 
of these amplitudes forms two triangles above and below the 
horizontal axis.

Let us note that the displacements of two particles having 
maximum amplitudes (in absolute value) are similar to the 
core (…x, −x…) of the Page mode, but the amplitudes of 
all other particles possess a completely different form. For 
comparison, we depict in Fig. S3b schematic representation 
of the Page mode with the maximal amplitude equal to that 
in Fig. S3a.

The presented analysis of the non-homogeneous 
static structure for Lennard-Jones chains is obviously also 
applicable to other pair potentials of interparticle interaction, 
for example, for Morse-type potentials, etc., since it is based 
only on the solution of the force equation  (8), which is 
written for an arbitrary potential φ(r). Thus, we have proved 
that, for certain strains above the critical values, a stable 
static structure can be realized, exactly described by some 

arithmetic progression. The possibility of the formation 
of such structure and existence of discrete breathers in its 
vicinity we plan to study in the framework of DFT-models 
for the chains constructed from carbon and boron atoms.
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