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Properties of 7-mode vibrations in strained carbon chains
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Nonlinear vibrations in strained monoatomic carbon chains are studied with the aid of ab initio methods based on the density
functional theory. An unexpected phenomenon of structural transformation at the atomic level above a certain value of the
strain was revealed in cumulene chain (carbyne-f3). This phenomenon is a consequence of stability loss of the old equilibrium
atomic positions that occur at small strain, and appearance of two new stable equilibrium positions near each of them.
The aforementioned restructuring gives rise to a softening of 7-mode whose frequency tends to zero in a certain region of
amplitudes when carbon atoms begin to vibrate near new equilibrium positions. This resembles the concept of soft mode
whose “freezing” is postulated in the theory of phase transitions in crystals to explain the transitions of displacement type.
The dynamical modeling of mass point chains whose particles interact via Lennard-Jones potential can approximate our ab
initio results well enough. In particular, this study demonstrates an essential role of dipole-dipole interactions between carbon
atoms in formation of their new equilibrium positions in the cumulene chain. We believe that computer studying of Lennard-
Jones chains enables to predict properties of various dynamical objects in carbon chains (different nonlinear normal modes
and their bushes, discrete breathers etc.) which then can be verified by ab initio methods.
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CBoiicTBa Kone6aTerbHOI 7T-MOJBI B PACTAHYTHIX YIIEPOTHbBIX
IeIMOYKax
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fgchechin@gmail.com
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B maHHOII cTaTbe MCCIERYIOTCSA HeMMHEIHble aTOMHbIE KOJIe6aHUA B YITIEPOSHBIX L[eIIOYKaX, IOABEPIHYTHIX OJHOPOJHO-
MY PacTsKEeHUIO, C IOMOIIBIO IePBOIPUHINITHBIX pac4€TOB, OCHOBAHHBIX Ha Teopyy (PYHKIVOHA/IA IJIOTHOCTH. B nenoy-
Kax IO/MMKyMy/eHa (Kap6uHa-[3) Ipy pacTsHKeHUAX O60JIblle OIpefe/leHHOTO 3HaYeHMsI ObIO 0OHApY>KeHO HEeOXVJaHHOEe
ABJIEHVIe CTPYKTYPHOII IepeCcTPOVKM TaKVUX IIeIIOYeK Ha aTOMHOM ypoBHe. IDTOT 3¢ (eKT ABNIAeTCA CIefCTBUEM IOTepU
YCTOMYMBOCTI CTApBIX IOMIOXKEHIII paBHOBECH aTOMOB, KOTOpbIe ObUIM HalifieHbl IpK MalbIX AedopMaluax KapOyuHa-f,
U IIOSIBJICHNUA IBYX HOBBIX YCTOVYVMBBIX ITONIOXKEHNII paBHOBeCKs BOMU3YM KOKIOr0o U3 HYUX. BpllleyoMAHyTas pecTpyKTy-
pu3anusa NpUBOIUT K CMATYEHUIO 71-MOJbI, YaCTOTa KOTOPOIl CTPEMUTCA K HYIIIO B HEKOTOPOII 00/1aCTV aMIUIUTYH, KOra
aTOMBI yIJIepOfia HauMHAIOT COBeplIaTh KomeOaHys BOMM3YM HOBBIX IIOJIOOKEHMII paBHOBeCH:A. YKa3aHHOe CMATYeHle HaIo-
MUHaeT CBOJICTBA MATKOI MOJBI, "3aMOpaXKiBaHue" KOTOPOl IIOCTYIMpPYeTcsA B Teopyi (a3oBbIX IIEPEeXOI0B B KPUCTAJIIAX
IS OOBACHEHNA IIEPEeXOIOB TUIIA CMelleHN . BhllleonucaHHOe U3MeHeHUe aTOMHOI CTPYKTYPBI LIeIIoYekK ITOIMKYMY/IeHa
IIPY COOTBETCTBYIOLIEM WX PacTOKeHNY, 0OHAPY>KeHHOM HaMyl C IOMOIIbIO NePBOIPUHLMIHBIX Pac4€TOB, MOXXHO JOCTa-
TOYHO XOPOLIO OIIVCATh B paMKaX MOJe/IN MaTepUuaIbHbIX TOYeK, B3aMMOJIeIICTBIE MeXAY KOTOPBIMY OIIMChIBAETCA apHbIM
noreHnyanoM JlenHapaa-I>xoHca. B yacTHOCTH, Takas MOJie/Ib TEMOHCTPUPYET CYIIECTBEHHYIO PO/Ib MHAYLMPOBAHHBIX -
HOJIb-JUIIOIBHBIX CUJI, AEVICTBYIOIIUX MEXJy aTOMaMy yITIepoja, B (GOPMMUPOBAHNM UX HOBBIX IIOIOXKEHWIT PaBHOBECHUA.
[IpepmonaraeTcs, 4To U3ydeHue Lenodek JlenHapaa-/I>KOHCa, ITO3BOINT IIpeCcKa3bIBaTh CBOVICTBA PAa3/IMYHbIX JVHAMIYe-
CKIX 00BEKTOB B KapOuHe-a 1 KapOuHe-f3 (HeMHEIHBIX HOPMaJIbHBIX MOJ, M UX OYIIel, JUCKPETHBIX OpU3epoB U T.NL.),
KOTOpBIE 3aTeM MOTYT ObITb IIPOBEPEHbI C IIOMOLIBIO EPBOIPYHLIUIITHBIX PACYETOB.

KnroueBbie cmoBa: yrinepopHble NEno4Ku, He/IMHEHbIe HOpMaIbHbIE MOJIbI, aHTApPMOHNYECKIE KOTIe6aHI/IH, TIIEPBONPMHINUIIHbIE pacye-
ThI, q)aSOBbIe TIEpEXO/Ibl.
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1. Introduction

Monoatomic carbon chains can exist in two different
modifications. The first one is polyyne, or carbyne-q,
representing the chain with alternating single and triple
bonds [chemical structure (-C=C-)]. The second
modification is comulene, or carbyne-f, representing the
chain with double bonds [chemical structure (=C=C=) ].
Carbyne chains have be claimed to be the strongest material
known at the present time. The synthesis of linear carbon
chains up to 6000 atoms was reported in 2016. Because of
a wide range of interesting properties that were studied or
only predicted, such chains may be a potential material for
future nanotechnology applications [1, 2].

There are a number of publications devoted to study
mechanic and electronic properties of carbyne chains with
the aid of ab initio methods based on the density functional
theory (DFT). For example, let us refer to the paper [3]. DFT
ab initio methods allow the authors of this paper to obtain
a number of interesting results for strained carbon chains.
They revealed that distribution of bond length and magnetic
moments at atomic sites exhibit even-odd disparity depending
on the number of carbon atoms in the chain and on the type
of saturation of these atoms at both ends. It was also found
that a local perturbation created by a small displacement of
the single carbon atom at the center of a long chain induces
oscillations of atomic forces and charge density, which are
carried to long distances over the chain.

In the present paper, we study nonlinear vibrations of
carbon atoms in cumulene described by 7-mode, which is one
of the nonlinear normal modes by Rosenberg (NNMs) [4].

2. Symmetry-determined NNMs

Nonlinear normal mode by Rosenberg represents a periodic
vibrational regime for which all degrees of freedom x (1), at
any time ¢, are proportional to each other (in the coordinate
space, it corresponds to a straight line). Mathematically, this
definition can be written in the following form:
x(t)=a f(t) (i=1.N). (1)

Here a,are constant coefficients, while f{t) is the same time-
dependent function for all degrees of freedom. If we know
the explicit form of dynamical equations, the substitution
of ansatz (1) into these equations leads to a system of (N-1)
nonlinear algebraic (possibly transcendental) equations
for coefficients a, and a single differential equation for the
function f(f). Note that the conventional linear normal modes
represent a special case of Rosenberg’s modes. In this case,

f(t) = cos(wt + ¢,),

where w and ¢, are frequency and initial phase, while
coefficients {a, | i = 1..N} are particle oscillation amplitudes.
Each NNM describes a periodic oscillation and, in contrast
to the case of linear normal modes, the number of such
modes has no relation with the dimension of the system.
Unfortunately, NNMs by Rosenberg can exist only in very
specific dynamical systems, in particular, in those, whose
potential energy is a homogeneous function of all its
arguments.

On the other hand, it was shown in [5, 6] that there
can be some symmetry-related reasons for existence of

NNMs in systems with arbitrary interparticle interactions.
These dynamical objects we call Rosenberg’s symmetry-
related nonlinear normal modes (bellow the specification
“symmetry-related” is omitted, because we consider only
such type of modes). In the above papers, it was also proved
that in the monoatomic chains (with periodic boundary
conditions) which are described by the symmetry group D,
there can exist only three NNMs: 71-, 0- and 7-mode. The unit
cell of the chain vibrational state is larger than that of the
equilibrium state by 2, 3 or 4 times for 7-, o- and 7-modes,
respectively. Thus, these modes can be excited only in the
chains that consist of N particles, divisible by 2 for 7-mode,
by 3 for o-mode and by 4 for r-mode. The n-mode is the
most short-wave mode. Any pair of adjacent particles in the
corresponding dynamical regime oscillate in antiphase with
the same amplitude. Thus, the vibrational state of the chain
at any time t can be described by the following set of atomic
displacements:
la(t), —a(t) | a(t), —a(?) | ... | a(?), —a(®)].

We rewrite this set in the brief form [a, —a], indicating
atomic displacements only in one unit cell of the vibrational
state (this cell contains two carbon atoms) and omitting the
time argument ¢.

Similarly, for o-mode we have the displacement pattern
of the form [a, 0, —a] (N mod 3 = 0), while for T-mode it can
be written as [a, 0, —a, 0] (N mod 4 = 0). All above discussed
NNMs represent one-parametric dynamical regimes, since
their atomic patterns depend on the single parameter a.

The existence of only a finite number of NNMs in the
chain was proved in [5, 6] with the aid of specific group-
theoretical methods. Vibrational states with unit cell whose
size larger than that of 71-, 0- and 7-modes represent quasi-
periodic dynamical regimes which are m-dimensional (m> 1)
bushes of NNMs [7, 8] (they describe quasi-periodic motion
with m fundamental frequencies in the Fourier spectrum).

3. Amplitude-frequency characteristics of non-
linear vibrations of carbon atoms in 7-mode

We investigate longitudinal atomic vibrations of uniformly
strained carbon chains in m-mode dynamical regime.
This strain is modeled by an artificial increase of the unit
cell size (R) with respect to that of the chain without any
strain (R ). Thus, speaking about the strain of the chain by #
per cent, we mean that R =R (1 + 7).

As was already discussed, the unit cell for describing
nm-mode vibrations of the chain with periodic boundary
conditions is twice larger than that of equilibrium state.
Since two carbon atoms in this unit cell possess, at any
time ¢, displacements x(f) and -x(#), one can discuss the
time evolution of only one of them choosing the origin at
its equilibrium position. To excite 7-mode vibrations in the
chain we assume x(0) = a, x(0) =0.

An important feature of nonlinear vibrations is the
dependence w(a) of the frequency (w) on the amplitude (a).
To find this dependence, we carried out a series ab initio
calculations based on the density functional theory [9, 10,
11] using the software package ABINIT [12, 13]. The Born-
Oppenheimer approximation was used to separate fast
motion of electrons and slow motion of nuclei. At each time
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step for fixed positions of nuclei, self-consistent electron
density distribution is calculated (by solving Kohn-Sham
quantum-mechanical equations). Then forces acting on the
nuclei are computed, and their new configuration is found by
using one step of solution of classical dynamical equations.
For this new configuration, the procedure of self-consistency
for the electronic subsystem is repeated.

All calculations were carried out in the framework of
the local density approximation (LDA). Pseudo-potential by
Troullier-Martins was used to describe the field of the carbon
atoms inner shells in the process of the Kohn-Sham equations
solving with the aid of plane waves basis (with energy cutoft
equal to 1360 eV). The convergence for energy is chosen as
108 eV between two steps.

For each computational run, with fixed values of the
chain strain and the amplitude (parameter) a of m-mode,
the frequency w(a) was calculated. In Fig.1, we present the
function w(a) for chains with 5%, 7.5% and 10% strain. This
figure demonstrates that hard type of nonlinearity appears
at relatively small strains (increase of amplitude entails
increasing frequency).

However, we revealed unexpected behavior of the
function w(a) for 15% strain! Indeed, one can see in Fig.2 that
this function turns out to be nonmonotonic, and softening of
nm-mode, at a certain interval of the parameter (a), takes place
(up to point A and after point B hard type of nonlinearity
occurs, while soft nonlinearity is observed between points A
and B).
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Fig. 1. Dependence of the frequency (w) of 7-mode on its amplitude

(a) for small strains of carbyne chain.
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Fig. 2. Dependence of the frequency (w) of 7-mode on its amplitude
(a) for 15% strain of carbyne chain.

Phenomenon of 7-mode softening in the strained carbyne
seems to be very interesting. Indeed, in the framework of the
phase transitions theory, there is well-known concept of soft
modes whose “freezing” induce transitions of displacement
type. In this case, one usually refer to some phenomenological
arguments about properties of electron-phonon interactions
depending on external conditions such as temperature,
pressure etc. In contrast, the softening of m-mode that
we revealed appears in ab initio calculations without any
additional assumptions of phenomenological nature.

It is essential that for the 7-mode parameter a belonging
to the interval [C, B] (Fig.2) carbon atom oscillates about a
new equilibrium position different from the old one at x = 0.
This effect is illustrated in Fig.3 for the chain strained by
15% (detail discussion of these oscillations is given bellow in
Sec.4).
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Fig.3.Oscillations of the carbon atom for different 7-mode amplitudes:
(a) oscillations in the small potential well near the new equilibrium
position;
(b) oscillations before the escape from the small potential well;
(c) oscillations in the large potential well with respect to the old
equilibrium position.
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To explain the above behavior of the function w(a) one
can study the potential energy U(a) as a function of the
nm-mode amplitude a for different strains of the carbon chain.

4. Energy of 7-mode in strained carbon chains

We fix the configuration of carbon nuclei choosing a
concrete value of 7-mode amplitude a. Using the software
package ABINIT, we then find potential energy U(a) of this
configuration’.

The energy profiles U(a) for different strains of carbon
chains are shown in Fig.4. From this figure, one can see that
with increase of the strain, the plots U(a) become flatter near
the origin (a = 0) and their curvature changes sign after passing
through zero. As a result, the old equilibrium position (a =
0) becomes unstable, and two new minima appear at equal
distances on both sides of the origin. These new equilibrium
positions turn out to be stable. This specific behavior of
potential energy of strained carbon chains help us to explain
the properties of amplitude-frequency dependence w(a)
shown in Fig.2. Let us consider this question in more detail.

Point C in Fig.5 corresponds to the old equilibrium
position (a = 0) that now becomes unstable. For arbitrarily
small positive values of 7-mode amplitude a, carbon atom
begins to vibrate almost from zero frequency in the right
potential well about new equilibrium position corresponding
to its bottom (point A in Fig.5).
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Fig. 4. Dependence of the potential plots of carbyne chains for
different strains.
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Fig. 5. Carbyne potential plot for 15% strain and 7-mode oscillations
of carbon atom with respect to new (point A) and old (point C)
equilibrium positions.

1 We excite m-mode vibrations assigning all carbon atoms the same
displacements (+a) and zero velocities at initial time. Thus, the total
energy E(a) of the carbyne chain at this instant is equal to its potential

energy U(a).

Indeed, in the absence of any small perturbations,
carbon atom, being placed on the hilltop (point C), will be
located at this point infinitely long time and, therefore, its
“frequency” turns out to be zero. Since such situation is not
possible, we must consider only small (e.g., positive) values
of the parameter a. The corresponding period of oscillations
should be sufficiently large, and therefore, the frequency will
be small enough.

As can be seen from Fig. 5, a further increase of the
parameter a leads to the energy decrease, and our atom
begins to move between two turning points of the right
potential well that are indicated by symbols d and d'. In turn,
this means decrease of the atomic vibrational amplitude and
increase of the frequency which reaches its maximal values
near the bottom of the well (point A).

Continue to increase the 7-mode parameter (a), one can
note, that the vibrational amplitude begins to increase, while
the frequency decreases and runs through the same values that
take place at the previous stage of its increasing (one obtains
the same frequency starting from both points d and d').

As we approach the point B, the frequency (w) again tends
to zero. Further increase of the 7 -mode amplitude a leads to
the qualitative change of vibrations: the carbon atom begin
to oscillate in large well with respect to the old equilibrium
position x = 0 (for example, these oscillations occur between
points e and e'). Thus, at the exit from the right potential well,
the function w(a) changes abruptly from zero to a certain
finite value.

Above discussed oscillations of the carbon atom are
presented in Fig.3. The plots 3a and 3b show oscillations of
this atom for a = 0.055 A and a = 0.111 A with respect to
the new equilibrium position x = 0.074 A in the small right
potential well, while plot 3¢ corresponds to the oscillations
by the old equilibrium position at x = 0 (a = 0.147 A) in the
large potential well.

Let us note that both potential wells, left and right, are
not symmetric with respect to their bottoms. This is the cause
why the plot w(a) in Fig.2 turns out to be asymmetric relative
to the hilltop of this function.

5. Studying of carbyne chain vibrations in
the framework of molecular dynamics

The main idea of the molecular dynamics can be formulated
as follows. Molecules (atoms) are replaced by mass points
whose interactions are described with the aid of some
phenomenological potentials. For the obtained dynamical
system, equations of classical mechanics are solved. In the
framework of quantum mechanics, such approach cannot
be considered as sufficiently adequate, because it is difficult
or impossible to find potentials which are good enough to
take into account the influence of atomic electron shells on
dynamical properties of the original physical system. That is
why one has to use very complicated many-particle potentials
which possess different forms for different geometry of the
interacting atoms and contain phenomenological constants
defined by huge tables (see, for example, [14]).

However, in some cases, one can obtain reasonable results
even with the aid of simple pair potentials, such as those by
Morse, Lennard-Jones etc. For example, one can refer to the
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paper [15] devoted to study discrete breathers in 2D and 3D
Morse crystals. Bellow, we try to explain above-discussed
results, obtained by ab initio calculations for m-mode
dynamics in carbyne, using the model of a chain whose
particles interact via Lennard-Jones potential (L]-chain).

Let us remind some well-known properties of this
potential which can be written in the form

o(r) =A/r'* - B/, (2)

Here the first term describes repulsion between two
particles that are at distance r from each other, while the
second term describes their attraction. The space dependence
of this attraction can be explained in the framework of
quantum mechanics as a result of the induced dipole-dipole
interaction, while the 12-th degree of the distance r in
repulsive term of Eq.(2) is introduced only for computational
convenience. An important feature of the Lennard-Jones
potential is that its both constants, A and B, can be chosen
equal to unity (A = B = 1) without loss of generality, if we
make an appropriate scaling of space and time variables
in dynamical equations constructing with the aid of this
potential.

In Fig.6, we present the dependence of m-mode energy
on its amplitude a. The solid line corresponds to the results
of ab initio calculations, while dot and dash-dot lines were
obtained for the chains whose particles interact via Lennard-
Jones and Morse potential, respectively. It can be seen from
this figure, that the energy calculated by ab initio methods for
amplitudes a in the interval [-0.125, 0.125] is approximated
well enough by that obtained for the L]-chain (mean square
deviation of these two energy graphs is equal to 0.026 eV).

We verified that dynamical properties of the m-mode
obtained by ab initio study and by molecular dynamics for
LJ-chain are also in a sufficiently good agreement.

Note that such a relationship between results of the
carbyne ab initio study and that of molecular dynamics
modeling for LJ-chains takes place not only for 15% strain,
but for all other strains of the carbyne chains considered in
this paper.

The above facts seem to be very important. Indeed,
computer experiments based on the density functional
theory require very long time in contrast to those based on
the methods of molecular dynamics. Therefore, one can use
the LJ-chain modeling to predict some dynamical properties
of the carbyne which then may be verified by ab initio
calculations.
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6. Simple interpretation of vibrational
properties of strained carbyne chains

It is very interesting to clear up the nature of evolution
of the carbyne properties with increasing of its strain.
Why old equilibrium positions lose stability and new
stable equilibrium positions appear? This problem can be
understood with the aid of the following simple model.

Let us consider a system of three carbon atoms located at
a distance R from each other symmetrically about the origin
x =0 (see Fig.7). Positions of atoms 1 and 3 are fixed, while
the “inner” atom 2 we displace by a certain value x from its
“old” equilibrium position at origin. We assume that atoms
interact via Lennard-Jones potential ¢(x) from Eq.(2) with
A=B=1.

If atom 2 gets a new equilibrium position at x # 0, then
the forces f(r) acting on it from the left and right neighbors
must be equal:

fR+x)=f(R-x) 3)

Here

flr)=—-de/dr=1/r"-1/r" (4)

Eq.(3) represents a nonlinear equation with respect to x
that may have several real roots. We depict this situation
in Fig. (8) where two intersection points of the functions
AR+ x) and f(R - x) at x = 0 and at x = 0.130 take place. Here
R = 1.291 (this value corresponds to 15% stretching of the
carbyne chain).

The root x = 0 is associated with old equilibrium position
that becomes unstable, while the root x = 0.130 is associated
with the new equilibrium position which turns out to be
stable.

It is also easy to verify that the curvature of the potential
energy of the considered sistem is negative for R = 1.20 (stable
equilibrium), while it becomes positive for R = 1.25 (unstable
equilibrium).

Certainly, one can reveal the similar behavior of the
potential energy considering LJ-chains with a large number
of atoms.

7. Conclusion

Let us summarize the above presented results.

We study nonlinear atomic vibrations in strained
cumulene chains described by m-mode (it is one of three
symmetry-determined nonlinear normal modes by

1 " . ' " 1
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Fig. 6. Potential plots for carbyne chain: ab initio results (solid line), Morse chain (dotted line) and Lennard-Jones chain (dash line).
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B+x

5 j — R-x 3

Fig. 7. Simple model of 3 atoms interacting via Lennard-Jones
potential. Atoms 1, 3 are fixed, while atom 2 is displaced by x from
its old equilibrium position in origin.
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Fig. 8. Appearance of a new equilibrium position in the simple model
of three particles interacting via Lennard-Jones potential.

Rosenberg that can be excited in such chains under periodic
boundary conditions).With the aid of ab initio methods based
on the density functional theory (DFT), we have revealed the
m-mode soffening in a certain interval of its amplitudes. This
phenomenon is well-known in the theory of structural phase
transitions in crystals. Indeed, transitions of displacement
type are often treated in the framework of the concept of the
vibrational soft mode freezing. As a rule, this idea is tried
to justify by some phenomenological arguments. Let us
emphasize that in our ab initio simulation 7-mode softening
arose without any additional assumptions.

Analysis of the carbyne potential energy in the vicinity
of the 7-mode softening region shows that old equilibrium
positions of the carbon atoms lose stability and two new

stable equilibrium positions appear near each of them. Thus,
the essential transformation of the carbyne structure at the
atomic level takes place under the action of a certain uniform
strain. This phenomenon of 7-mode softening can be then
explained by the fact that carbon atoms begin to oscillate in
potential wells near the new equilibrium positions.

It was also found that chains of mass points interacting
via Lennard-Jones potential can demonstrate, under the
appropriate strain, properties similar to those of carbyne
which have been revealed with the aid of DFT ab initio
calculations. We hope that computer modeling of such
Lennard-Jones chains enables to predict properties of various
dynamical objects in carbon chains (different nonlinear
normal modes and their bushes, discrete breathers etc.)
which then can be verified by ab initio methods. Results of
these studies will be published elsewhere.
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