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Structure and stability of stationary discrete breathers (DBs) in armchair and zigzag carbon nanotubes (CNTs) are investigated 
numerically. Precise numerical solutions of DB in CNTs are calculated by a numerical method that couples the Newton-
Raphson method and molecular dynamics method. Linear stability analysis is performed by constructing of monodromy 
matrix of the numerical solution of DB from the numerical results of MD simulation. In both structures of zigzag and 
armchair carbon nanotube, stationary DBs with higher angular frequency above zone boundary mode exist. Displacement 
of DB is on cylindrical plane of CNTs. Linear stability analysis shows that DBs in both armchair CNT and zigzag CNT are 
unstable. The maximum growth rate of the unstable perturbation mode can be calculated numerically. The maximum growth 
rate of armchair CNT is greater than that of zigzag CNT even when the curvature of the cylindrical plane of zigzag CNT is 
greater than armchair CNT. In both case of armchair and zigzag CNT, the unstable motion is excited in the direction out of 
the cylindrical plane of CNTs. Unstable dynamics is suppressed by introducing extensive strain in axial direction of CNT. In 
this case, motion of the unstable perturbation modes is confined on the cylindrical plane of CNTs.
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1. Introduction

In nonlinear lattices, it has been known that spatial 
localized modes called discrete breathers (DBs) or 
intrinsic localized modes (ILMs) can be excited out of the 
dispersion bands of the lattices. Since the first report of 
DB by Sievers and Takeno[1], a variety of theoretical and 
numerical investigations on DB has been performed[2, 3]. 
Recently, observations of DBs in physical systems such as 
micromechanical systems[4], macromechanical systems[5], 
magnet-mechanical systems[6], electrical lattices[7] and 
optical lattices[8] have been reported. These reports indicate 
that DB does exist in the real systems and that DB can play 
physical roles in these systems.

One of the most attractive subjects of DBs in the physical 
systems is those in materials. Because crystal has discrete 
structure and interaction between atoms is anharmonic, it has 
been expected that DBs exist in material as vibration modes in 
atomic scales. Excitation of DBs in material has been attracted 
since the early stage of study of DB[9-16]. Interaction between 
DBs and structures in crystal such as vacancy, dislocation and 
impurity has been also investigated[17-20]. 

Recently, DB in carbon nanostructure has been 
extensively investigated[21]. As to graphene, spontaneous 
excitation of DB[22], structure and stability of DB[23], 
excitation of DB at edge boundary of graphene[24] have 
been studied numerically. Recently energy exchange of DB 
in graphane has been also reported[25]. Moreover, excitation 
of DB in carbon natotube(CNT) has been investigated 
numerically[26-28]. Discussion of a physical role of DB 

in Stone-Wales transformation in CNT[29] indicates 
importance of understanding of dynamics DB in crystal.

In this paper, we investigate structure and stability of DB 
in CNTs. Understanding of stability of DB in CNT is the first 
step of understanding of DB dynamics and physical process 
due to DB. 

2. Models and numerical method

Atomic models for CNT are considered for molecular 
dynamics (MD) simulations. The CNT is formed by wrapping 
a graphene in a specific direction (n, m). The parameters n 
and m represents the number of unit vectors which requires 
for closing seamlessly a boundary of graphene. When m = 0, 
the CNT is called zigzag CNT. When n = m, on the other 
hand, the CNT is called armchair CNT. In this study, we 
consider two different configurations of CNT: armchair 
CNT (10, 10) and zigzag CNT (10, 0).

In atomic simulations, interatomic potential is required to 
describe dynamics of atoms. In this study, we consider widely 
used empirical potential for hydrocarbon system proposed by 
Brenner[30]. The Brenner potential takes the following form, 
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where M is mass of carbon atom, pn is the momentum in the 
phase space, Φijk is interaction potential, rij (rjk ) is distance 
between i-th and j-th (j-th and k-th) atoms, θijk is angle 
between i-j and i-k bonds. The function Φijk is determined in 
order to describe macroscopic properties of carbon structure.
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In the atomic system, periodic boundary condition is 
considered in x-, y-, and z-direction. In x and y coordinates, 
box size is so large that interaction between mirror atoms 
can be negligible. We consider energy conservation system. 
Th erefore, no heat bath is connected to the system. Numerical 
integration of the equation of motion is performed by the 
velocity Verlet method. Th e time step of the numerical 
integration is 0.1fs.

Th e equations of motions is given by 
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Let X(t) = (q1(t), q2(t), …, q3N(t), p1(t), p2(t), …, p3N(t)) be 
a state variable in the phase space. Th e equation of motion (2) 
and (3) can be linearized around X(t).
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where ξm(t) and ζm(t) are small variation around qn(t) and 
pn(t), respectively.

Th e temporal evolution of X(t+t' ) from the state X(t) in 
the phase space is written as

'( ') ( ).+ = tt tX XA  (6)
Using Eq. (6), diff erence between the initial state X(t) and 

its temporal evolution at t' can be written as 
'( ) ( ) .= −tD X X XA  (7)

Precise numerical solutions of DB in CNT is a periodic 
orbit described by (2) and (3) in the phase space. If X0 is on 
the periodic orbit with a period T, we obtain

0 0 0( ) ( ) .= − =TD X X X 0A  (8)
Let Xn be a point near the orbit of periodic solution 

and δX be a correction vector to the precise solution. Th e 
correction vector δX can be obtained by substituting Xn + δX 
into (8) and Taylor expansion as follows:

1( ( ) ) ( ( ) )δ −= − ∂ − −T n T n nIX X X XA A , (9)
where I is the unit matrix and ( )∂ T XA  is a tangential map 
defi ned as follows:
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Precise numerical solutions of DB in CNT can be 
calculated by Newton-Raphson method updating the 
correction vector δX with (9). Th e orbit Xn is obtained from 
the numerical integration of (2) and (3). Th e tangential map 
(10) can be calculated numerically by
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where ∆ is a small parameter, ζn is a vector defi ned by
1 2 6(1,0,0, ,0) , (0,1,0, ,0), , (0,0,0, ,1).ζ ζ ζ= = =T

N   
 (12)

Once the precise numerical solution of DB in CNT is 
obtained, linear stability analysis of the DB is also investigated. 
Th e linearized equation around the solution of DB is given by 
(4) and (5). Th ese equations are diff erential equations with 
T-periodic coeffi  cients:

( ) ,ζ ζ=
d C t
dt

 (13)

C(t) = C(t + T). (14)
Solution of (13) and (14) holds following relation:

ζ(t + T) = M(T) ζ(t),  (15)
where M(T) is 6N×6N matrix called monodromy matrix. Let 
σm be eigenvalue of the monodromy matrix M(T) and let ψm 
be eigenvector of M(T).

σmM(T) = ψmM(T). (16)
Th e eigenvalue σm indicates growth rate of m-th 

perturbation mode around the DB and the eigenvector ψm 
indicates displacement pattern of m-th perturbation mode. 
In Hamilton systems, if σm is an eigenvalue, 1/σm is also an 
eigenvalue. Th erefore, the precise solution of DB is stable if 
and only if all eigenvalues is on the unit circle in the imaginary 
plane.

Th e numerical representation of the monodromy matrix 
is obtained from the numerical integration of the linearized 
equations. Each row of the monodromy matrix can be 
calculated numerically by integrating the linearized equations 
(4) and (5) from t = 0 to t = T with 6N-initial conditions (12).

3. Numerical results and discussion

Precise numerical solutions of DB in CNT are obtained by 
Newton-Raphson method. Structures of DB in armchair CNT 
and zigzag CNT are shown in Fig. 1 and Fig. 2, respectively. 
In each case, period of DB is 18ps. In the case of armchair 
CNT, DB in the bond along to circumference direction is 
possible. In the case of zigzag CNT, on the other hand, DB 
in the bond along to axial direction is possible. It is observed 
that two atoms in DB vibrate with large amplitude. However, 
surrounding four atoms also slightly vibrate. Structure of 
precise solution of DB is similar to those observed in MD 
simulation [26].

Linear stability analysis is also performed. As far as 
our results, all DB is linearly unstable in zigzag CNT and 
armchair CNT. Figure 3 shows the relation between the 
maximum growth rate of unstable mode around DB and its 
period. DB becomes more unstable when the period of DB 
becomes longer. Growth rate of DB in zigzag CNT is larger 
than that in armchair CNT. In our calculations, diameter 
of zigzag CNT is smaller than that of armchair CNT. Th is 
means that a curvature of armchair CNT is smaller than that 
of zigzag CNT. Even in the case of smaller curvature than 
zigzag CNT, the most unstable mode of DB in the armchair 
CNT has lager growth rate than that in the zigzag CNT. Th is 
results are consistent with the results of our previous study on 
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MD simulation of DB in CNTs which shows the DB in zigzag 
CNT has shorter lifetime than the DB in armchair CNT [26].

Displacement pattern of the unstable perturbation 
modes with maximum growth rate in armchair CNT and 
zigzag CTN is presented in Fig. 4 and Fig. 5, respectively. 
Unstable motion is exited around DB. In both cases, motion 
of unstable perturbation modes is out of the cylindrical plane 
of CNTs. Th is is contrast to that the vibration of DB is on the 
cylindrical plane of CNTs.

Fig. 1. (Color online) Structure of DB in armchair CNT.

Fig. 2. (Color online) Structure of DB in zigzag CNT.

Fig. 3. Maximum growth rate of DB in CNT.

1. Side view 2. Top view
Fig. 4. Displacement pattern of unstable perturbation mode with the 
maximum growth rate in armchair CNT.

Fig. 5. Displacement pattern of 
unstable perturbation mode with 
the maximum growth rate in 
zigzag CNT.

1. Side view

2. Top view
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When the axial strain is applied to the CNTs, growth rate 
changes drastically. Table 1 shows change of the maximum 
growth rate of perturbation mode of DB with period 
T = 18ps aft er applying strain to zigzag CNT and armchair 
CNT, respectively. When compressive strain is applied, the 
maximum growth rate becomes larger than the case without 
strain in the zigzag CNT and smaller than the same without 
strain in the armchair CNT. When extensive strain is applied to 
CNTs, on the other hand, the maximum growth rate becomes 
smaller in the both cases of zigzag CNT and armchair CNT. 
Th is tendency is also observed in DBs with other period T. 
Th erefore, as far as our knowledge, extensive axial strain to 
the CNT suppresses the instability of DB in CNTs. In other 
word, DBs in CNT have longer lifetime by applying extensive 
strain to the zigzag CNT and armchair CNT. Longer lifetime 
of DB in crystals is important for possible physical process 
due to DB, since longer lifetime of DB makes possibility of 
physical process due to DB larger.

Another drastic eff ect due to strain to CNTs is change 
of the displacement pattern of unstable perturbation modes 
shown in Fig. 6 and Fig. 7. It is found that vibration of the 
unstable perturbation modes with the maximum growth rate 
are confi ned on the cylindrical plane. Th is is contract to that 
vibration are oriented to out of the cylindrical plane.

4. Conclusion 

In this study, we investigate the structure and dynamics of 
DB in armchair CNT and zigzag CNT. By using numerical 
method which couples MD method and Newton-Raphson 
method, the precise numerical solutions of DB can be 
obtained for both armchair CNT and zigzag CNT. It is 
found that DB in CNTs is linearly unstable and the unstable 
modes with maximum growth rate vibrate in direction out of 
cylindrical plane of CNTs. It is confi rmed that the maximum 
growth rate of unstable perturbation mode of armchair CNT 
is larger than that of zigzag CNT. Th is is consistent with our 
previous report. Finally, it is found that the instability of DB 
is suprresed by introducing extensive axial strain to CNTs. In 
this case, the unstable motion out of the cylindrical plane of 
CNT is also suppressed.

By using our method for fi nding the precise numerical 
solutions of DB in CNT, it can be expected to fi nd other DB 
solution of diff erent symmetry. Moreover, it is expected to 
fi nd DB solution in other confi guration of CNT such as chiral 
CNTs. Th ese problems are left  for future investigations.
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